
SOLUTION 4 : Integrate 
[image: image1.png]



[image: image2.png]0s) da

/((sill‘l.r+(x>s‘l.r) +2sinze




(Use trig identity A from the beginning of this section.)

[image: image3.png],/(Hzmmw)u




[image: image4.png],/mm-/zﬁnmou«u




[image: image5.png],+2/z«in.r(x>s1d.z



 .

Now use u-substitution. Let

[image: image6.png]uw=snr




so that

[image: image7.png]du




 .

Substitute into the original problem, replacing all forms of x, getting

[image: image8.png],+2/sinx(x>s.rd.r





[image: image9.png]u
x+27+l,




[image: image10.png]z+u’ +C





[image: image11.png]




SOLUTION 5 : Integrate [image: image12.png]


 . First use trig identity C from the beginning of this section, getting

[image: image13.png]fsom‘ 5zdr sfom‘lsmu




[image: image14.png]



[image: image15.png]:(3/2)/(1«“101).“




[image: image16.png]:(3/2)(/1@4-/%10“:)




[image: image17.png]= (3/2)(1 + /(x)sl(l.rd.r)



 .

Now use u-substitution. Let

[image: image18.png]



so that

[image: image19.png]


 ,

or

[image: image20.png](1/10)du = dz



 .

Substitute into the original problem, getting

[image: image21.png]@2+ /wam) =6/2)(= +/(x>su (1/10)du)




[image: image22.png]=(3/2)(z + (1/10 u:m)
( @/ )/

) (=

(3/:




(Use antiderivative rule 1 from the beginning of this section.)

[image: image23.png]= (3/2)(1 + (1/10)(sinu + c))




[image: image24.png]=(3/2)z + (3/20)(sinu + C)




(Combine constant [image: image25.png]3/20



 with [image: image26.png]


 since [image: image27.png]


 is an arbitrary constant.)

[image: image28.png]=(3/2)z + (3/20) sinu + C




[image: image29.png]=(3/2)z + (3/20)sin10z + C



 .

 : Integrate [image: image30.png]/(z +tang)? dz



 . Begin by squaring the function, getting

[image: image31.png]/(z +tanz)?ds = /(4+4nm +tan? z) dz




[image: image32.png]



[image: image33.png]zdz

~tr+d [anades [




(Use antiderivative rule 7 from the beginning of this section on the first integral and use trig identity F from the beginning of this section on the second integral.)

[image: image34.png]=4z + 41n|secal +/ sec?z — 1) dz




[image: image35.png]- 1+4h1\su:1\+/w, uu-/mz




[image: image36.png]=4z + 41n|secal +/wc‘lmu-z




[image: image37.png]- 1+4h1\su:1\+/w, zdz




(Now use antiderivative rule 3 from the beginning of this section.)

[image: image38.png]=3z +4In[secz| +tanz + C



 .


SOLUTION 7 : Integrate [image: image39.png]


 . First rewrite the function (Recall that [image: image40.png]A™Mm AN — Am+n



 .), getting

[image: image41.png]Ao dr = /sin(‘“") zdz




[image: image42.png]/z«inl zsinzds




(Now use trig identity A from the beginning of this section.)

[image: image43.png]



[image: image44.png]



[image: image45.png]/z«inx«u —/(x)sl.mdn.rd.r




(Use antiderivative rule 2 from the beginning of this section on the first integral.)

[image: image46.png]—cosz- [



 .

Now use u-substitution. Let

[image: image47.png]



so that

[image: image48.png]du

—sinz dr



 ,

or

[image: image49.png](=1)du = sinz dz



 .

Substitute into the original problem, replacing all forms of [image: image50.png]


, getting

[image: image51.png]—(x)s.r—/(x)slxsin.rllx — o8 ,-/u‘l(-l)lm




[image: image52.png]= —cosz — (-1)/u‘luu




[image: image53.png]u
+5+C
cosz +




[image: image54.png]cos® x

+C

—cosz +




 .

: Integrate [image: image55.png]


 . Use u-substitution. Let

[image: image56.png]



so that (Don't forget to use the chain rule when differentiating [image: image57.png]


.)

[image: image58.png]du = 5cosbr dr



 ,

or

[image: image59.png](1/5)du = cosiz dx



 .

Substitute into the original problem, replacing all forms of [image: image60.png]


, getting

[image: image61.png]cos 5a 1 5
8 _gr= [ cosbeda
3+sinbe 3+sinbe





[image: image62.png]:/5(
1/5)du




[image: image63.png]= (1/5)/ 1171111




[image: image64.png]=(1/5)lfu| +C




[image: image65.png]=(1/5)ln|3 + sin 5z| + C



 .


SOLUTION 9 : Integrate [image: image66.png]


 . First use trig identity A from the beginning of this section to rewrite the function, getting

[image: image67.png]



(Now factor the numerator. Recall that [image: image68.png]A?-B*=(A-B)(A+B)



 .)

[image: image69.png]



[image: image70.png]T+sinz





(Divide out the factors of [image: image71.png]1+sinz



 .)

[image: image72.png]:/(1 —sing)de




[image: image73.png]



(Use antiderivative rule 2 from the beginning of this section.)

[image: image74.png]



[image: image75.png]z+cosz+C




 .


SOLUTION 10 : Integrate [image: image76.png]


 . First rewrite the function by multiplying by [image: image77.png]1-—sinz
1-sinz



 , getting

[image: image78.png]1:‘2;1“:/(1:‘2;1) (:—sm.r

)de




[image: image79.png]



(In the denominator use trig identity A from the beginning of this section.)

[image: image80.png]sing — sin®z
cos?z




[image: image81.png]



[image: image82.png]



[image: image83.png](sec z tan z — tan® z) dz





[image: image84.png]/m,.zt;m.r





(Use antiderivative rule 5 and trig identity F from the beginning of this section.) truein [image: image85.png]:secz—/(wc‘lz—l)d.z




[image: image86.png]=secz — (tanz —z) + C




[image: image87.png]secz —tanz+z +C




 .


SOLUTION 12 : Integrate [image: image88.png]V5 + tan zda




. Use u-substitution. Let

[image: image89.png]u=>5+tanz




so that

[image: image90.png]du




 .

Substitute into the original problem, replacing all forms of [image: image91.png]


, getting

[image: image92.png]/ (sec?z) VB + tanzdz = / VBT anz (sec? 2)de




[image: image93.png]:/ﬁm‘




[image: image94.png]



[image: image95.png]



[image: image96.png](5 + tanz)¥2 4+ C




 .

SOLUTION 11 : Integrate [image: image97.png]cse3z + cot 3z)? dz




 . First square the function, getting truein[image: image98.png]cse3z + cot 3z) dr = / csc? 3z + 2 csc 3z cot 3z + cot? 3z) dr




(Use trig identity G from the beginning of this section.)

[image: image99.png](csc?3z + 2ese3z cot 3z + (csc? 3z — 1)) de




[image: image100.png]:/(Z(zu: 3z +2escdz ot 3z — 1) dz




[image: image101.png]:/(Z(zu: 3z + 2 cscdz cot 3z) dr fld.r




[image: image102.png]:/(Z(zu: 3z +2escdz cot 3z) do



 .

Now use u-substitution. Let

[image: image103.png]



so that

[image: image104.png]


 ,

or

[image: image105.png](1/3)du = da




 .

Substitute into the original problem, replacing all forms of [image: image106.png]


, getting

[image: image107.png]/ (2es¢? 3z + 2esc 3z cot 3z) de — / (2es¢? u +2escucot u) (1/3)du —




[image: image108.png]=@01/3) /(u‘lu +cscucotu)du—




[image: image109.png]=em( / escudu + / escucotudu) -




(Use antiderivative rule 4 on the first integral. Use antiderivative rule 6 on the second integral.)

[image: image110.png]=(2/3)((—cotu) + (—cscu) + C) —




(Combine constant [image: image111.png]2/3



 with [image: image112.png]


 since [image: image113.png]


 is an arbitrary constant.)

[image: image114.png]=(-2/3)cotu — (2/3) cscu —z +C




[image: image115.png]=(~2/3) cot 3z — (2/3) csc3z —x + C



 .

13 : Integrate [image: image116.png]


. First rewrite the function (Recall that [image: image117.png]A™Mm AN — Am+n



 .), getting

[image: image118.png]



[image: image119.png]rtan® ¢





(Now use trig identity F from the beginning of this section.)

[image: image120.png] (sec?z — 1) de





[image: image121.png]r — tan®z) dz

/ (tan® z sec




[image: image122.png]


 .

On the first integral use u-substitution. Rewrite the second integral and use trig identity F again. Let

[image: image123.png]



so that

[image: image124.png]


 .

Substitute into the original problem, replacing all forms of [image: image125.png]


, getting

[image: image126.png]



[image: image127.png]



[image: image128.png]



[image: image129.png]


 .

Use u-substitution on the first integral. Use antiderivative rule 7 on the second integral. Let

[image: image130.png]



so that

[image: image131.png]


 .

Substitute into the original problem, replacing all forms of [image: image132.png]


, getting

[image: image133.png]



[image: image134.png]



[image: image135.png]


 .


SOLUTION 14 : Integrate [image: image136.png]/(sin.z — cosz)(sinz + cos 2)° dz



. Use u-substitution. Let

[image: image137.png]u=sing + cosz




so that

[image: image138.png]du = (cosz — sinz)de =

sin & — cos z)dz



 ,

or

[image: image139.png](~1)du = (sinz — cos z)dz



 .

Substitute into the original problem, replacing all forms of [image: image140.png]


, getting

[image: image141.png]12— cos 2)(sin @ + cos





[image: image142.png]= /"5 (~1)du




[image: image143.png]:(_1)/1‘5,11‘




[image: image144.png]



[image: image145.png]=—(1/6)(sinz + cosz)® + C



 .

grate [image: image146.png]


. Let

[image: image147.png]4+sinz




so that

[image: image148.png]du




 .

Substitute into the original problem, replacing all forms of [image: image149.png]


, getting

[image: image150.png]cos z) e*HHn T dp = / N cos g dr




[image: image151.png]



[image: image152.png]



[image: image153.png]


 .

 : Integrate [image: image154.png]/ sin3z sin (cos3z) dz



 . (Hello ! The term [image: image155.png]sin (cos 3z)



 is NOT the product of [image: image156.png]


 and [image: image157.png]cos3r



 . It is the functional composition of functions [image: image158.png]


 and [image: image159.png]cos3r



 . ) Use u-substitution. Let

[image: image160.png]U= cos3r




so that

[image: image161.png]du = —3sin3z dz



 ,

or

[image: image162.png](~1/3)du = sin3z dz



 .

Substitute into the original problem, replacing all forms of [image: image163.png]


, getting

[image: image164.png]/ sin3z sin (cos3z) dr = / sin (cos3z) sindz da




[image: image165.png]- /mm (~1/3)du




[image: image166.png]:(-1/3)/mnmu




[image: image167.png]=—(1/3)(=cosu) + C




[image: image168.png]=(1/3)cosu+C




[image: image169.png]= (1/3)cos (cos 3z) + C



 .

 : Integrate [image: image170.png]sinz

/(xm! In(sinz) ;o



 . Use u-substitution. Let

[image: image171.png]u=In(sinz,





so that

[image: image172.png]du=

sinz

cosz dr =

€08

sinz




 .

Substitute into the original problem, replacing all forms of [image: image173.png]


, getting

[image: image174.png]



[image: image175.png]



[image: image176.png]



[image: image177.png]- %(m (sinz)? +C



 .

18 : Integrate [image: image178.png]secz tan ¢)yA + 3secs

dz




 . Use u-substitution. Let

[image: image179.png]u=4+3secxr




so that

[image: image180.png]


 ,

or

[image: image181.png]tanz dz




 .

Substitute into the original problem, replacing all forms of [image: image182.png]


, getting

[image: image183.png]secz tan ¢)yA + 3secs

o = / VIFFsoea (secatana)ds




[image: image184.png]- / Vi (1/3)du




[image: image185.png]= (1/3)/1"/‘1,11‘




[image: image186.png]udl?
=gy +C




[image: image187.png]2
=gl +3sec r)*? +C



 .

UTIONS TO U-SUBSTITUTION



SOLUTION 19 : Integrate [image: image188.png]/ % cos (¢%) d



 . Use u-substitution. Let
[image: image189.png]



so that

[image: image190.png]


 .

Substitute into the original problem, replacing all forms of [image: image191.png]


, getting

[image: image192.png]/ % cos (¢*) dz = / cos (&%) e*de




[image: image193.png][eosuda




[image: image194.png]sinu+C





[image: image195.png]=sin(e") +C



 .

Click HERE to return to the list of problems. 




SOLUTION 20 : Integrate [image: image196.png]


 . Use integration by parts. Let

[image: image197.png]


 and [image: image198.png]dv





so that

[image: image199.png]


 and [image: image200.png]v = (-1/3)cos 3z



 .

Therefore,

[image: image201.png]fmnsuu = 2(~1/3) cos3z —/(—1/3)(»&3.“11




[image: image202.png]= Feosto+ (1/3)/00&31«11




[image: image203.png]sin

cos3z + (1/3) 222 4+ ¢





[image: image204.png]E

3

o83z + 5%“"31 +C



 .

Click HERE to return to the list of problems. 




SOLUTION 21 : Integrate [image: image205.png]


 . Use integration by parts. Let

[image: image206.png]


 and [image: image207.png]



so that

[image: image208.png]


 and [image: image209.png]v =snzr



 .

Therefore,

[image: image210.png]



[image: image211.png]sinz dz

sinz —2/



 .

Use integration by parts again. Let

[image: image212.png]


 and [image: image213.png]dv = sinz dr




so that

[image: image214.png]


 and [image: image215.png]


 .

Hence,

[image: image216.png]



[image: image217.png](x)sx)d.z}

sinz -2 —.r(x)s.r—/




[image: image218.png]o sina - 2{ .z(x)s.r+/(x>s.rll.r}




[image: image219.png]o sing — 2 — 2 cosz + sina

b+





[image: image220.png]sing + 2z cosz — 2sinz +C




 .

Click HERE to return to the list of problems. 




SOLUTION 22 : Integrate [image: image221.png]/z«inx cosz e dr



 . Use u-substitution. Let

[image: image222.png]uw=snr




so that

[image: image223.png]du




 .

Substitute into the original problem, replacing all forms of [image: image224.png]


, getting

[image: image225.png]/z«in.r(x)s.ré‘"‘zd.z /z«in.ré‘"'z cosz dr




[image: image226.png]


 .

Now use integration by parts. Let

[image: image227.png]w

uw



 and [image: image228.png]



so that

[image: image229.png]dw = du



 and [image: image230.png]v

v



 .

Hence,

[image: image231.png]/ sinz cosz &F dr / ue du




[image: image232.png]—uet [t




[image: image233.png]



[image: image234.png]=sinze™* - & 1+ C



 .

Click HERE to return to the list of problems. 




SOLUTION 23 : Integrate [image: image235.png]


 . Use integration by parts. Let

[image: image236.png]


 and [image: image237.png]dv = sinz dr




so that

[image: image238.png]


 and [image: image239.png]


 .

Therefore,

[image: image240.png]— cosz) Fdz





[image: image241.png]—€” cos. ,+/(.‘(x>s rdo



 .

Use integration by parts again. let

[image: image242.png]


 and [image: image243.png]



so that

[image: image244.png]


 and [image: image245.png]v =snzr



 .

Hence,

[image: image246.png]/ezsinxd.r = —‘1(»”4-/




[image: image247.png]- cosz+ { e sinz — /ezsin.rd.z}




[image: image248.png]fmz+ezsin.z—/f&inzdz



 .

To both sides of this "equation" add [image: image249.png]


 , getting

[image: image250.png]/ezsinzd.z = —ecosz + e sinz+C



 .

Thus,

[image: image251.png]/eumn = (1/2)(=€ cosz + e sin + C)




(Combine constant [image: image252.png]1/2



 with [image: image253.png]


 since [image: image254.png]


 is an arbitrary constant.)

[image: image255.png]=(1/2)(=€"cosz + € sinz) + C



 .

Click HERE to return to the list of problems. 




SOLUTION 24 : Integrate [image: image256.png]/z«in 3z cosdz do



 . Use integration by parts. Let

[image: image257.png]u



 and [image: image258.png]



so that

[image: image259.png]


 and [image: image260.png]v = (1/4)sindz



 .

Therefore,

[image: image261.png]/mm cosdz dz = sin3z (1/4) sindz — /(1/4)@.,41 (3) cos 3zda




[image: image262.png]= (1/4)sin3zsindz — (3/4) /(x)s.?.r sindz de



 .

Use integration by parts again. let

[image: image263.png]U= cos3r



 and [image: image264.png]



so that

[image: image265.png]du = —3sin3z dz



 and [image: image266.png]v = (-1/4)cos4z



 .

Hence,

[image: image267.png]/mm cosdz dz = (1/4)sin3zsindz — (3/4) /(xms.r sindzdz




[image: image268.png]= (1/4)sin3zsindz — (3/4){00&31 (~1/4) cos 4z -/(-1/4)(»m (—J)zdnsxd.r}




[image: image269.png]= (1/4)sin3zsindz — (3/4){(—1/4)00&31 cosdz — (3/4) /m 3100&41«11}




[image: image270.png]= (1/4)sin3zsin 4z + (3/16) cos 3z cos 4z + (9/16) /sin.?.r(x)sll.rd.r



 .

From both sides of this "equation" subtract [image: image271.png](9/16) [ sin 3z cos 4z dz



 , getting

[image: image272.png](7/16)/m 3zcosdz dr = (1/4) sin3zsindz + (3/16) cos 3z cosdz + C



 .

Thus,

[image: image273.png]/mm cosdrds = (16/7)((1/4):&:1 3asindz + (3/16) cos 3z cos dz + C)




(Combine constant [image: image274.png]16/7



 with [image: image275.png]


 since [image: image276.png]


 is an arbitrary constant.)

[image: image277.png]= (4/7)sin3zsindz + (3/7) cos 3z cosdz + C



 .

Click HERE to return to the list of problems. 




SOLUTION 25 : Integrate [image: image278.png]Vsecz + tang dr




 . Use u-substitution. Let

[image: image279.png]



so that

[image: image280.png]du = (1/2) (sec  + tan z)~'/2(sece tan = + sec® z)dr




[image: image281.png]= (1/2)(secz +tanz) "/ sec z(secx + tan )dz




[image: image282.png]= (1/2)secz(secz + tan )~/ (secz + tan z)'dz




[image: image283.png]= (1/2)secz (secz + tanz) '~/ 2dz




[image: image284.png]= (1/2)secz (secz + tanz)/2dr




[image: image285.png]=(1/2)secz v/secz + tanz dz



 ,

or

[image: image286.png]2 du =secz \/secz + tan  de



 .

Substitute into the original problem, replacing all forms of [image: image287.png]


, getting

[image: image288.png]/m:.r Vsecs + tanz dz 7/2:111




[image: image289.png]=2u+C




[image: image290.png]=2ysecz +tanz + C



 .

Click HERE to return to the list of problems. 




SOLUTION 26 : Integrate [image: image291.png]


 . Use u-substitution. Let

[image: image292.png]u=sin2z + cos 2z




so that

[image: image293.png]du = (2cos 2z — 2sin2z)dz




[image: image294.png]=2(cos2z — sin 2z)dz




[image: image295.png]—2(sin 2z — cos 2z)dz



 ,

or

[image: image296.png](=1/2)du = (sin2z — cos 2z)dz



 .

Substitute into the original problem, replacing all forms of [image: image297.png]


, getting

[image: image298.png]sin 2z — cos2z)dz





[image: image299.png]:/5(
-1/2)d




[image: image300.png]- (-1/2)/%@




[image: image301.png]=(-1/2)lnfu| + C




[image: image302.png]=(-1/2)Insin 2z + cos 2z| + C



 .

Click HERE to return to the list of problems. 




SOLUTION 27 : Integrate [image: image303.png]sinz + cos.
e T +sing



 . First multiply by [image: image304.png]


 , getting

[image: image305.png](z«ill.r+(x>s1)(
—= fsinz / \er




[image: image306.png]€ sinz + ¢* cosa
e~Ter +ersing



 .

[image: image307.png]€ sinz + ¢* cosa
etayersing



 .

[image: image308.png]€ sinz + ¢* cosa
T+ersing



 .

Now use u-substitution. Let

[image: image309.png]



so that

[image: image310.png](e”sinz + € cos z)dzx



 .

Substitute into the original problem, replacing all forms of [image: image311.png]


, getting

[image: image312.png]¢ sing + e” 1 .
et e sty [ 1 (esing + e cosa)de
T+ersing T+ersinz




[image: image313.png]



[image: image314.png]=lnlu[+C




[image: image315.png]=In|l1+e"sinz| +C



 .

Click HERE to return to the list of problems. 
