MATEMATIKA I
11. VJEZBA - DERIVACIJA

TABLICA DERIVIRANJA ELEMENTARNIH FUNKCIJA

1. y=C=konstanta = y'=0
2. y=x",neR = y' =n-x""  (posebno: y=x = y'=1)
3. y=a" = y'=a"-Ina (posebno: y=e* = y'=e")
, 11 , 1
4. y=log, x = y'=—.—— (posebno: y=Inx = y'=—)
x Ina X
5. y=sinx = y'=cosx
6. y=cosx = y'=—sinx
, 1
7. y=tigx = =—
cos” X
, =1
8. y=cigx = =—
sin” x
. , 1
9. y=arcsinx = y' =
1-x°
, 1
10. y = arccos x = Yy =—
1-x7
, 1
11. y = arcigx = = -
I+x
, 1
12. y = arcctgx = y=- >
1+ x
PRAVILA DERIVIRANJA

L. y=/f(x)tgx)
2. y=f(x) gx)

= y'=1'(x)tg'(x)
= y'=1'(x)-gx)+ f(x)-g'(x)

(posebno: y=C- f(x) = y'=C- f'(x))

1)
3. =4
Y )

4. y=(g°NHx)=g(f(x)
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Zadatak 1.
a) (x*)'=2-x""=2x"=2x

b) (x’)'=3-x""=3x7

c) (x°)=5-x""=5x*

d (x)=1-x"=x"=1

9 ) =(-D-x"=(-Dx? =t
X

=4y —4-1 5 4

) ) =(4Hx"" =(4-x ==

1 1 1
1 1 == 1 —- 1 1
[ r_ 2 -~ y2 2 . =
g) ( X) X 2X 2 1

2 2 1
h) (:sz)':( SJ :gx31:£x3:§'izg_

. 1
) logsx=—-—
X

k) logx:l-
X
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Zadatak 2. Nadite derivacije slijede¢ih funkcija:
a) f(x)=3x-2
b) f(x)=5x>-3x+4

c) f(x)z%x3 +x° —x

d) f(x)=§—x%

) f(x)=x/;+%

Rjesenje:
Ove zadatke ¢emo rjeSavati pomocu pravila 1. za derivaciju zbroja, odnosno razlike
funkcija te pomocu pravila 3. za derivaciju funkcije pomnozene nekim konstantnim

brojem.
a) f'(x)=(3x—2)' =(3x) -2"=3-(x))=2"=3-1-0=3

b) f'(x)=(5x" =3x+4) =5-(x*) =3-(x) +4'=5-2x-3-1+0=10x -3

!

c) f'(x):(%x3 +x° —xj 2%-(XS)'+(XZ)’—(X)’=%-3XZ +2x—1=x>+2x-1

!

d) f'(x)=(§—%j =(3-x‘1—6-x‘2),:3-(x‘1)'_6.(x—2)':_%+%
X X x

X
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Zadatak 3. Nadite derivacije slijedecih funkcija:
a) f(x)=(-4x)x*-3x+1)
b) f(x)=(x> —x+1)x* +x—1)
¢) f(x)=x-sinx
d) f(x)=x-Inx
&) f(x)=(x+De’

Rjesenje:
Ovaj zadatak ¢emo rijesiti pomocu pravila 3. za derivaciju umnoska funkcija, te pomocu

pravila 1.

] !

a) f(x)=(3-4x) (¥’ =3x+1)+(3—4x)(x’ —3x+1)
S'(x)=(0-4)-(x* =3x+1)+(3-4x)-(2x-3+0)
f1(x) =—4(x* =3x+ 1)+ (3—4x)(2x - 3)
f'(x)=—4x" +12x—4+6x—9—8x” +12x =—12x> +30x -3
b) f'(x)z(xz—x+1)’(x2+x—l)+(xz—x+1)(x2+x—1)’
) =Qx=D)(x*+x-1)+(x" —x+1)(2x+1)
f1(x)=2x" +2x" =2x—x" —x+14+2x° +x* = 2x" —x+2x+1

fl(x)=4x"—2x+2

! ’ ’

¢) f'(x)=(x-sinx) =(x) -sinx+x-(sinx) =1-sinx+ x-cosx =sinx+ xcosx

d) f'(x):(x3 -lnx)’ :(x3), ‘Inx+x’ ~(lnx), =3x-Inx+x’ 'l:3x2 Inx+ x?
X

!

) f1(0)=((x+De’) =(x+1)-e" +(x+1)-(e") =1-e" +(x+1)-e"
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f(x)=e"(1+(x+1))=e"(2+x)

Zadatak 4. Derivirajte slijede¢e funkcije:

Q) f)=
b S =
0 fin=T 0
§ feo="2
&) f(x)= sin x — cos x

sin x + cos x

Rjesenje:
Ovaj zadatak ¢emo rjeSavati pomocu pravila 4. za kvocijent dviju funkcija, te pomocu 1.
pravila.
, 2 ) (2 -G=x)=2x-(3-x)  2(3—x)—2x-(-1
a)fm=( j: 2( ) _2G-x x (]
3—x (B3-x) (B3-x)
, 6—2x+2x 6
f'x)= = 2
3-x) (3—x)
, x+2 x+2)(x=2)—(x+2)(x=2)
b)fm=( ]:( /(=)= (x+2)(x-2)
x—2 (x-2)
, I-(x=2)—(x+2)-1 —4
F GG 4
(x=2) (x=2)
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!

, x*—6x+5 X —6x+5)(x=3)—(x*—6x+5)(x-3)
¢) fi(x)= iy V(x=3)-(x )x=3)
x-—3 (x-3)

f,(x)_(2x—6)(x—3)—(x2—6x+5)-1_2x2—6x—6x+18—x2+6x—5
(x=3)’ (x=3)°
. x> —6x+13
X)=———
F0==25
' 1 x—Inx
, Inx Inx)-x—Inx-(x) y = I-Inx
d) f(x):( ):( ) _ ()zx : _ !
X X X X
, sinx —cos x
o fn=(Snxmeesx ]
sin x +cos x
()= (sinx —cos x)'(sin x + cos x) — (sin x — cos x)(sin x + cos x)’
(sin x +cos x)°
() = (cosx +sin x)(sinx + cos x) — (sin x — cos x)(cos x — sin x)
(sin x +cos x)’
. cos x +sin x)* + (sin x — cos x)°
() = (OSSN + S 37008 )
(sinx+cosx)
, cos” x + 2sin x cos x +sin” x +sin’® x — 2sin xcos x + cos” x
(%)= . 5
(sin x + cos x)
, 2
X)=———""""—""-
S (sin x +cos x)’

Derivaciju sloZene funkcije racunamo formulom

f(g() = f"(g(x))- g'(x),

Sto zapisujemo jo$ i na ovaj nacin: f(g(x))'= f'(u)-g'(x), u=g(x).Ova se formula

naziva i pravilo o ulanéanom deriviranju. Pravilo mozemo iskazati rije¢ima: slozena se
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funkcija derivira tako da se derivacija "vanjske" funkcije pomnoZzi s derivacijom
"unutarnje". Treba naglasiti da je poredak deriviranja suprotan poretku racunanja

vrijednosti sloZzene funkcije, kad prvo ra¢unamo vrijednost unutarnje funkcije.

Zadatak 5. Odredite derivaciju funkcije f(x)=(x—5)".

Rjesenje:

Ovdjeje y=f(x)=u",u=g(x)=x-5.Po formuli imamo:

(x=9*) =f'w)- g’ ) =u') -(x=5) =4’ - 1=4u* =4(x - 5)°
ILI
ne ispisujuci funkcije koje treba derivirati:
((x — 5)4) = (deriviramo potenciju i mnozimo derivacijom argumenta)

!

((x=5)") =4(x=5)" - (x=3)'=4(x=5)" - 1=4(x-5)’

Zadatak 6. Derivirajte slijedece funkcije:
a) f(x)=(x+2)°
b) f(x)=Q2x-1’
c) f(x)=(5x>=3x+1)’

d) f(x)=\/x2+1
o) f(x)=4/Gx+2)

Rjesenje:

a) f'(x)=(x+ 2)3)' —3(x+2)% - (x+2) =3(x+2)°
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b f(0)=(2x-1’ ) =72x—1)° - Q2x—1)' =72x - 1)* -2 =14(2x - 1)°

o) fix)=((5x>-3x+ 1)2)' —2(5x% —3x+ 1) - (5x% —3x+1) =2(5x% — 3x + 1)(10x — 3)

’
1 1 '

d) f'(x):(m)’ =((x2 +1)zj :%(x2 +1) 2 (x2 +1) =

X

1 1
_. 2x =
2 Jx?+1 Vx® +1

!

e) f'(x) :(4 (3x+2)° ) :((3x+2)3) :%(3x+ 2)-% -Bx+2)'= 4

3 1
2. 3=
4 Y3x+2 4-33x+2

Zadatak 7. Derivirajte slijedece funkcije:

a) f(x)=sin2x
b) f(x)=sin’x
¢) f(x)=cos(5x—1)
d) f(x)=cos’(2x+1)
e) f(x)=logs(x—1)
f)  f(x)=In(sin x)
9 fx)=e""
Rjesenje:
a) f'(x)=(sin2x) =cos2x-(2x)'=cos 2x-2 = 2c0s 2x

’ !

b) fl(x)= (sin2 x) = ((sin x)’ ) =2(sin x)" - (sin x)’ = 2sin x - cos x

!

¢) f'(x)=(cos(5x —1)) =—sin(5x —1)-(5x —1)' = —sin(5x —1) - 5= —5sin(5x — 1)
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!

d) f'(x)= (cos3 (2x+ 1)) =3cos’(2x +1) - (=sin(2x +1))- 2 = —6cos” (2x + 1) sin(2x + 1)

€) f'(X)=(log5(x—1)), :i.ﬁ'(x—l)':(x—i)lns

!

f)  f'(x)=(In(sin x)) = .1 -(sinx)" = .1 - COS X = Ctgx
sin x sin x

g) f;(x):(ethz) :ethz '(_xz +2)!:efx2+2 - (=2x)

Zadatak 8. Derivirajte slijedece funkcije:
a) f()=(x-D*(x+1)’
b) f(x)=(2x+3)*(3-2x)°
¢) f(x)=(x-DVx* +1

Rjesenje:

a) f'(x)=((x-1y ) (x+1)7 +(x=1)* ((x+1)° )
£l =2x=1)-(x=1)-(x+1)* + (x=1)*-2(x+ 1) (x+1)’
Flx) =2(x=Dx+D? +2(x=D)*(x + ) =2(x = D(x + D[(x + 1) + (x = D]
F1(x) =2(x = D)(x +1) - 2x = 4x(x - )(x +1)

b) f'(x)=((2x+3) ) (3=2x) +(2x+3) ((3 - 2x)3)
F'(x)=22x+3)" - (2x+3)-(3-2x) +(2x+3)*-33-2x)* - (3—2x)’
f(x) =2(2x+3)-2-(3-2x)* + (2x +3)*-3(3-2x)* - (-2)

f'(x) =42x+3)(3-2x)’ —6(2x +3)°(3—-2x)°
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£1(x) =2(2x+3)(3-2%) [2(3—2x) —3(2x +3)]
F1(x) =2(2x +3)(3=2x)*(6— 4x — 6x —9)
£1(x) = 2(2x +3)(3-2x)* (=3~ 10x)

!

¢ fl(x)=(x-1)Vx’+1 +(x—1)((x2 +1);J

S =14x"+1 +(x—1)%(x2 +1) 2. (37 +1) =5 +1+—2(x_21:1 2x
VX

, :\/2—1 x(x—l):(x2+1)+x2—x
7 r +\/x2+1 Jxt+1

() = 2x°—x+1

Vx?+1

Zadatak 9. Derivirajte funkcije:

Vx+1
a) y=

x—1

sin x

b) y=—7
cos” x
2
o) y:1n1+x2
- X
d) y=x>-Inx

X

e) y=e +e

Rjesenje:
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, 1(x+1];.(x+1j!_l(x—lj;'(x+1)'(x—1)—(x+1)(x—1)'
2

“2lx-1) o x+1 (x+1)

,_l x—l'x—l—x—l_l'\/x—l. -2
TN+ =1 2 Jaal (1)
r_ _Vx_l _ —1

=D Vx+l Jx=1) x+1

e (sinx)'cos® x—sin x-(cos’ x)' _ cosx-cos’ x—sinx-2cosx-(—sinx)

b
) cos* x cos® x
' cosx[cos2 X+ 2sin’ x] cos® x+2sin’ x
Y= cos* x B cos’ x
L1 (1) =27 2x(1—xY) - (1+x%)-(-2x)
) V= T | = e
1+x* | 1-x 1+x (I-x%)
1—x?
= 1 .2x—2x3+2x+2x3 _ 4x

1+x* 1—x* =X

d) y=(x*)Inx+x>-(Inx) =2x-Inx+x>-—=2xInx+x=x2Ilnx +1)

1
X

X X

e) y=()+(e") =e"+e" (—x)'=e"—¢€"

Derivacija drugog reda (druga derivacija) funkcije y= f(x) je derivacija prve

derivacije, tj. y"=|[f '(x)]' :

Derivacija treCeg reda (treca derivacija) funkcije y= f(x) je derivacija druge

derivacije, tj. y" = [f"(x)]’ .

Analogno se definiraju i sve ostale derivacije do n-tog reda.
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Zadatak 10. Nadite druge derivacije slijedec¢ih funkcija:
a) y=3x"-5x"+2x* —x

b) y=(2x+5)3
1
R

d) y=cos’x

x2

e) yv=e
Rjesenje:
a) y'=12x" —15x> +4x -1

y"=36x> —30x + 4

b) ¥ =32x+5)°-(2x+5)=32x+5)*-2=6(2x +5)’

V' =6-[2x+57°] =6-202x+5) -(2x+5) =12(2x +5)- 2= 24(2x + 5)

&) y=——=(x-1)"
x—1
Y ==Ilx-D7-(x=1)'==1(x-1)"
2
(x—1)°

y'=2x-)7 (x=1)'=2(x-1)" =

d) y'=2cosx-(cosx) ' =2cosx-(—sinx)=-2sinxcosx

"

y"=-2-(sinxcos x)' = —2[(sinx)' cos x +sin x(cos x)']

" __

3" = =2(cos x cos x + sin x(—sin x)) =— 2(cos’ x —sin’ x)

e) y'= e (—xY) = (2x)=-2xe "
y'= —2{(}0'@"2 + x(e’xz ) } = —2(e’x2 +Xx- (—2xe”‘2 ) = 2™ (1-2x%)

v

Josipa Perkov, prof., predavac -12-



