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Introduction

Calculus is a tool used almost everywhere in the modern world to describe change and
motion. Its use is widespread in science, engineering, medicine, business, industry, and
many other fields. Just as algebra introduces students to new ways of thinking about
arithmetic problems (by way of variables, equations, functions, and graphs), calculus
introduces new ways of thinking about algebra problems (considering, for example, how
the height of a point moving along a graph changes as its horizontal position changes).

What is calculus?

Calculus is the branch of mathematics dealing with instantaneous rates of change of
continuously varying quantities. For example, consider a moving car. It is possible to
create a function describing the displacement of the car (where it is located in relation to
a reference point) at any point in time as well as a function describing the velocity (speed
and direction of movement) of the car at any point in time. If the car were traveling at a
constant velocity, then algebra would be sufficient to determine the position of the car at
any time; if the velocity is unknown but still constant, the position of the car could be
used (along with the time) to find the velocity.

However, the velocity of a car cannot jJump from zero to 35 miles per hour at the
beginning of a trip, stay constant throughout, and then jump back to zero at the end. As
the accelerator is pressed down, the velocity rises gradually, and usually not at a constant
rate (i.e., the driver may push on the gas pedal harder at the beginning, in order to speed
up). Describing such motion and finding velocities and distances at particular times
cannot be done using methods taught in pre-calculus, but it is not only possible but
straightforward with calculus.

Calculus has two basic applications: differential calculus and integral calculus. The
simplest introduction to differential calculus involves an explicit series of numbers.
Given the series (42, 43, 3, 18, 34), the differential of this series would be (1, -40, 15,

16). The new series is derived from the difference of successive numbers which gives rise
to its name "differential”. Rarely, if ever, are differentials used on an explicit series of
numbers as done here. Instead, they are derived from a series of numbers defined by a
continuous function which are described later.

Integral calculus, like differential calculus, can also be introduced via series of numbers.
Notice that in the previous example, the original series can almost be derived solely from
its differential. Instead of taking the difference, however, integration involves taking the
sum. Given the first number of the original series, 42 in this case, the rest of the original
series can be derived by adding each successive number in its differential (42, 42+1,
43+(-40), 3+15, 18+16). Note that knowledge of the first number in the original series is
crucial in deriving the integral. As with differentials, integration is performed on
continuous functions rather than explicit series of numbers, but the concept is still the
same. Integral calculus allows us to calculate the area under a curve of almost any shape;
in the car example, this enables you to find the displacement of the car based on the



velocity curve. This is because the area under the curve is the total distance moved, as we
will soon see.

Why learn calculus?

Calculus is essential for many areas of science and engineering. Both make heavy use of
mathematical functions to describe and predict physical phenomena that are subject to
continual change, and this requires the use of calculus. Take our car example: if you want
to design cars, you need to know how to calculate forces, velocities, accelerations, and
positions. All require calculus. Calculus is also necessary to study the motion of gases
and particles, the interaction of forces, and the transfer of energy. It is also useful in
business whenever rates are involved. For example, equations involving interest or
supply and demand curves are grounded in the language of calculus.

Calculus also provided important tools in understanding functions and has led to the
development of new areas of mathematics including real and complex analysis, topology,
and non-euclidean geometry.

What is involved in learning calculus?
Learning calculus, like much of mathematics, involves two parts:

« Understanding the concepts: You must be able to explain what it means when you
take a derivative rather than merely apply the formulas for finding a derivative.
Otherwise, you will have no idea whether or not your solution is correct. Drawing
diagrams, for example, can help clarify abstract concepts.

« Symbolic manipulation: Like other branches of mathematics, calculus is written
in symbols that represent concepts. You will learn what these symbols mean and
how to use them. A good working knowledge of trigonometry and algebra is a
must, especially in integral calculus. Sometimes you will need to manipulate
expressions into a usable form before it is possible to perform operations in
calculus.

What you should know before using this text

There are some basic skills that you need before you can use this text. Continuing with
our example of a moving car:

e You will need to describe the motion of the car in symbols. This involves
understanding functions.

e You need to manipulate these functions. This involves algebra.

e You need to translate symbols into graphs and vice verse. This involves
understanding the graphing of functions.



o Italso helps (although it isn't necessarily essential) if you understand the
functions used in trigonometry since these functions appear frequently in science.



Functions

Classical understanding of functions

To provide the classical understanding of functions, a function can be thought of as a
machine. Machines take in raw materials, change them in a predictable way, and give out
a finished product. The kinds of functions we consider here, for the most part, take in a
real number, change it in a formulaic way, and give out a real number (which in special
cases could be the same as the one we put in). You can think of this as an input-output
machine. You give a function an input and it gives you an output. For example, the
squaring function gives the output value 16 when the input is 4 and the output value 1
when the input is — 1,

A function is usually symbolized f or g or something similar, though it doesn't have to be.
A function is always defined as "of a variable" which tells the reader what to replace in
the formula for the function.

For instance, f [T) = Jdx A 2tells the reader:

e The function f is a function of x.

o To evaluate the function at a certain number, replace the X with that number.

e Replacing X with that number in the right side of the function will produce the
function's output for that certain input.

o In English, the definition of fis interpreted, "Given a number, f will return two
more than the triple of that number."

Thus, if we want to know the value (or output) of the function at 3:

flz)=3x+ 2
f 'j) = ‘5(‘5) | zw_e evaluate the function at X = 3.
f('j‘) =9+ 2= llThevalueoffat3 is11.

See? It's easy!

Note that f (‘Dmeans the value of the dependent variable when X'takes on the value of 3.
So we see that the number 11 is the output of the function when we give the number 3 as
the input. We refer to the input as the argument of the function (or the independent
variable), and to the output as the value of the function at the given argument (or the

dependent variable). A good way to think of it is the dependent variable f (I)'depends'
on the value of the independent variable . This is read as "the value of f at three is
eleven", or simply "f of three equals eleven".



Notation

Functions are used so much that there is a special notation for them. The notation is
somewhat ambiguous, so familiarity with it is important in order to understand the
intention of an equation or formula.

Though there are no strict rules for naming a function, it is standard practice to use the
letters f, g, and h to denote functions, and the variable X to denote an independent
variable. Yy is used for both dependent and independent variables.

When discussing or working with a function f, it's important to know not only the
function, but also its independent variable x. Thus, when referring to a function f, you
usually do not write f, but instead f(x). The function is now referred to as "f of X". The
name of the function is adjacent to the independent variable (in parentheses). This is
useful for indicating the value of the function at a particular value of the independent
variable. For instance, if

flx)=Tr+1

and if we want to use the value of f for X equal to 2, then we would substitute 2 for X on
both sides of the definition above and write

f(2)=7(2)+1=14+1=15

This notation is more informative than leaving off the independent variable and writing
simply 'f', but can be ambiguous since the parentheses can be misinterpreted as
multiplication.

Modern understanding of functions

The formal definition of a function states that a function is actually a rule that associates
elements of one set called the domain of the function, with the elements of another set
called the range of the function. For each value we select from the domain of the
function, there exists exactly one corresponding element in the range of the function. The
definition of the function tells us which element in the range corresponds to the element
we picked from the domain. Classically, the element picked from the domain is pictured
as something that is fed into the function and the corresponding element in the range is
pictured as the output. Since we "pick" the element in the domain whose corresponding
element in the range we want to find, we have control over what element we pick and
hence this element is also known as the "independent variable". The element mapped in
the range is beyond our control and is "mapped to" by the function. This element is hence
also known as the "dependent variable", for it depends on which independent variable we
pick. Since the elementary idea of functions is better understood from the classical
viewpoint, we shall use it hereafter. However, it is still important to remember the correct
definition of functions at all times.



To make it simple, for the function f(x), all of the possible x values constitute the domain,
and all of the values f(X) (y on the x-y plane) constitute the range.

Remarks

The following arise as a direct consequence of the definition of functions:

I.

By definition, for each "input" a function returns only one "output",
corresponding to that input. While the same output may correspond to more than
one input, one input cannot correspond to more than one output. This is expressed
graphically as the vertical line test: a line drawn parallel to the axis of the
dependent variable (normally vertical) will intersect the graph of a function only
once. However, a line drawn parallel to the axis of the independent variable
(normally horizontal) may intersect the graph of a function as many times as it
likes. Equivalently, this has an algebraic (or formula-based) interpretation. We
can always say if @ = b, then f(a) = f(b), but if we only know that f(a) = f(b) then
we can't be sure that a = Db.

Each function has a set of values, the function's domain, which it can accept as
input. Perhaps this set is all positive real numbers; perhaps it is the set {pork,
mutton, beef}. This set must be implicitly/explicitly defined in the definition of
the function. You cannot feed the function an element that isn't in the domain, as
the function is not defined for that input element.

Each function has a set of values, the function's range, which it can output. This
may be the set of real numbers. It may be the set of positive integers or even the
set {0,1}. This set, too, must be implicitly/explicitly defined in the definition of
the function.

&1, -2.828)

This is an example of an expression which fails the vertical line test.

The vertical line test

The vertical line test, mentioned in the preceding paragraph, is a systematic test to find
out if an equation involving X and y can serve as a function (with x the independent
variable and y the dependent variable). Simply graph the equation and draw a vertical line



through each point of the x-axis. If any vertical line ever touches the graph at more than
one point, then the equation is not a function; if the line always touches at most one point
of the graph, then the equation is a function.

(There are a lot of useful curves, like circles, that aren't functions (see picture). Some
people call these graphs with multiple intercepts, like our circle, "multi-valued
functions"; they would refer to our "functions" as "single-valued functions".)

Important functions

In order of degree (or complexity, informally said)

Constant
function

Identity
function

Linear
function

Quadratic
function

Polynomial
function

Signum
function

fla)=c

It disregards the input and always outputs the constant C, and is a
polynomial of the zeroth degree where f(x) = cx’= c(1) = c. Its graph is a
horizontal line.

flz) =2

The output is always the input. A polynomial of the first degree, f(x) = x'
= X. Special case of a linear function.

flz) =mz+c

Takes an input, multiplies by m and adds c. It is a polynomial of the first
degree. Its graph is a line (slanted, except m = 0).

f(z) =az® + bz +c

A polynomial of the second degree. Its graph is a parabola, unless a = 0.
(Don't worry if you don't know what this is.)

f(2) = ana"

The number n is called the degree.

n—1 |

2
S Y @ +ax + ag

-1 r <
sgn(z) =4 0 r =10
I : z>0.

Determines the sign of the argument X.



Example functions

Some more simple examples of functions have been listed below.

I, ifx=>0
hﬁ)_{—L if 2 < 0

Gives 1 if input is positive, -1 if input is negative. Note that the function only
accepts negative and positive numbers, not 0. Mathematics describes this
condition by saying 0 is not in the domain of the function.

2
g(y) =y
Takes an input and squares it.

a2

g(z) =2

Exactly the same function, rewritten with a different independent variable. This is
perfectly legal and sometimes done to prevent confusion (e.g. when there are
already too many uses of X or Yy in the same paragraph.)

f@y_5ﬂ,ﬁ$}0
0, ifz<0
Note that we can define a function by a totally arbitrary rule.

It is possible to replace the independent variable with any mathematical expression, not
just a number. For instance, if the independent variable is itself a function of another
variable, then it could be replaced with that function. This is called composition, and is
discussed later.

Manipulating functions

Functions can be manipulated in the same manner as any other variable; they can be
added, multiplied, raised to powers, etc. For instance, let

f(x) =3z
g(z) = 2"

2and

Then



f+g=(f+g)x)
= f(z) + g(x)
= (32 +2) + (27)

=3:2|33:|2

2

f=g9=(f-g)=)
= f(z) — g(z)
= (3z + 2) — (27)

=—3:2|33:|2

2

fxg=(fxg)x)
= f(z) x g(z)
= (3z + 2) x (%)

= 3z + 22°

3

2
22

3
T T

Composition of functions

However, there is one particular way to combine functions which cannot be done with
other variables. The value of a function f depends upon the value of another variable X;
however, that variable could be equal to another function g, so its value depends on the
value of a third variable. If this is the case, then the first variable is a function h of the
third variable; this function (h) is called the composition of the other two functions (f and
g). Composition is denoted by



fog=(fog)(x)= flg(x))

This can be read as either "f composed with g" or "f of g of x."

For instance, let

f(-T) = dx 2and
g(z) = 2*

Then

Here, h is the composition of f and g and we write h = f © §. Note that composition is

not commutative:

flg(z)) =327 1 2, and
g(f(x)) = g(3x +2)

= (3z +2)°

= 922 + 122 -4
) f(q(j‘)) # q(f(:?‘))

Composition of functions is very common, mainly because functions themselves are
common. For instance, squaring and sine are both functions:

square(x) = :-::2’

sine(x) = sinx

. .2 ... .
Thus, the expression sin“X is a composition of functions:

sin’x = square(sin )
_ square(sine(x) )



- i 2
(Note that this is not the same as SIHE(Squa’rE(I)) = SHLET ) Since the function sine
equals 1 /2ifx=m/6,

square(sine(w /6)) = square(1,/2)
Since the function square equals 1 /4 ifx =1/2,

sin® 7 /6 = square(sine(7/6)) = square(1/2) = 1/4
Transformations

Transformations are a type of function manipulation that are very common. They consist
of multiplying, dividing, adding or subtracting constants to either the input or the output.
Multiplying by a constant is called dilation and adding a constant is called translation.
Here are a few examples:

f (2 X x)Dilation
f (33 2)Translation
2% f (x)Dilation
2 f (m)Translation
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Examples of horizontal and vertical translations
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Examples of horizontal and vertical dilations
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Translations and dilations can be either horizontal or vertical. Examples of both vertical
and horizontal translations can be seen at right. The red graphs represent functions in
their 'original' state, the solid blue graphs have been translated (shifted) horizontally, and

the dashed graphs have been translated vertically.

Dilations are demonstrated in a similar fashion. The function

F(2xx)

has had its input doubled. One way to think about this is that now any change in the input
will be doubled. If I add one to X, I add two to the input of f, so it will now change twice

1

as quickly. Thus, this is a horizontal dilation by 2because the distance to the y-axis has

been halved. A vertical dilation, such as

2 x f(z)

is slightly more straightforward. In this case, you double the output of the function. The
output represents the distance from the X-axis, so in effect, you have made the graph of

the function 'taller'. Here are a few basic examples where a is any positive constant:



Original graph

Horizontal translation by a
units left

Horizontal dilation by a
factor of a

Vertical translation by a
units down

Reflection about X-axis

Domain and Range

Notation

Reflection about origin —f ( —.’}2)

Horizontal translation by a
units right f(T i ﬁ)

(\)ffe;tlcal dilation by a factor a X f ( T)

Vertical translation by a f( T) a
units up -
Reflection about y-axis f( —.1:)

The domain and range of functions are commonly expressed using interval notation. This
notation is very simple, but sometimes ambiguous because of the similarity to ordered

pair notation:

Interval

Meaning Nofation Set Notation

All values greater than or equal to a and less [ a b] { A< < f)}
than or equal to b K T =T =
All values greater than a and less than b {EI-_, b} {T a4 << f)}
All values greater than or equal to a and less [ a b) { Tia< < f)}
than b ! T =

All values greater than a and less than or equal ( a b] { Tia< < f)}
tob ! T =
All values greater than or equal to a. [rl, DO) {T T = rl}

All values greater than a.



All values less than or equal to a. (—DO, EI] {T < a}
All values less than a. l:—D-CI, fl) {T D < EI.}

All values. (—o00, 00) {z:xz e R}

Note that ®Cand —2Cmust always have an exclusive parenthesis rather than an inclusive
bracket. This is because 2Cis not a number, and therefore cannot be in our set. 2Cis really

just a symbol that makes things easier to write, like the intervals above.
Note: (is also denoted by ], and ) by [, i.e., (a,b) is the same as Ja,b[, and [a,b) is [a,b[. This is a source of
funny misunderstandings.

Domain

] |
-1 1
| |
| 1|
| |
1 |

The domain of the function is the interval from -1 to 1

The domain of a function is the set of all points over which it is defined. More simply, it
represents the set of x-values which the function can accept as input. For instance, if

flz) = V1 —2?

then f(x) is only defined for values of X between - 1 and 1, because the square root
function is not defined (in real numbers) for negative values. Thus, the domain, in

interval notation, is [_1 1 l]. In other words,

f(x)is defined for € [-1,1],or{z: -1 <z <1}



The range of the function is the interval from O to 1
Range

The range of a function is the set of all values which it attains (i.e. the y-values). For
instance, if:

flz) =v1—2?

Then, f(x) can only equal values in the interval from O to 1. Thus, the range of f is [U! 1].
One-to-one Functions

A function f(x) is one-to-one (or less commonly injective) if, for every value of f, there is
only one value of X that corresponds to that value of f. For instance, the function

— a4 2, .
f(T) = V1 — 2% not one-to-one, because both X =1 and X = - 1 result in f(X) = 0.
However, the function f(x) = X + 2 is one-to-one, because, for every possible value of f(x),
there is exactly one correspondin% value of X. Other examples of one-to-one functions are

f(x) = x° + ax, where & € [U, OC ). Note that if you have a one-to-one function and
translate or dilate it, it remains one-to-one. (Of course you can't multiply X or f by a zero
factor).

If you know what the graph of a function looks like, it is easy to determine whether or not

the function is one-to-one. If every horizontal line intersects the graph in at most one
point, then the function is one-to-one. This is known as the Horizontal Line Test.

Inverse functions



We call g(x) the inverse function of f(x) if, for all x:

9(f(z)) = flg(z)) ==
A function f(x) has an inverse function if and only if f(X) is one-to-one. For example, the
- 2
inverse of f(X) = x + 2 is g(X) = X - 2. The function f(T) = V1 = 2%ha5 no inverse.

Notation

The inverse function of f is denoted as f ~'(x). Thus, f ~'(x) is defined as the function that
follows this rule

f(f ') =~ '(f(x)) = x:

To determine f ~'(x) when given a function f, substitute f ~'(x) for x and substitute X for
f(x). Then solve for f ~'(x), provided that it is also a function.

Example: Given f(x) = 2x — 7, find f ~'(x).
Substitute f ~'(x) for x and substitute x for f(x). Then solve for f ~'(x):

fleg)=22-7

T = E[f_l(rr,_)J -7
o 7= 20f )

T+ 7

5~ =)

To check your work, confirm that f ~'(f(x)) = x:

f(f(x) =

flex—7)=

20 —-T4+7  2x
2~ 2 *°

If f isn't one-to-one, then, as we said before, it doesn't have an inverse. Then this method
will fail.

Example: Given f(x) = X%, find f ~'(x).

Substitute f ~'(x) for X and substitute x for f(x). Then solve for f ~'(X):

f(z) =2*



= (f7(x))’
i) =+Ve

Since there are two possibilities for f ~'(x), it's not a function. Thus f(x) = x* doesn't have
an inverse. Of course, we could also have found this out from the graph by applying the
Horizontal Line Test. It's useful, though, to have lots of ways to solve a problem, since in
a specific case some of them might be very difficult while others might be easy. For
example, we might only know an algebraic expression for f(x) but not a graph.

Graphing Functions

Graph of y=2x

It is sometimes difficult to understand the behavior of a function given only its definition;
a visual representation or graph can be very helpful. A graph is a set of points in the
Cartesian plane, where each point (X,y) indicates that f(x) =y. In other words, a graph
uses the position of a point in one direction (the vertical-axis or y-axis) to indicate the
value of f for a position of the point in the other direction (the horizontal-axis or x-axis).

Functions may be graphed by finding the value of f for various X and plotting the points
(X, f(x)) in a Cartesian plane. For the functions that you will deal with, the parts of the
function between the points can generally be approximated by drawing a line or curve
between the points. Extending the function beyond the set of points is also possible, but
becomes increasingly inaccurate.

Plotting points like this is laborious. Fortunately, many functions' graphs fall into general
patterns. For a simple case, consider functions of the form



The graph of f is a single line, passing through (0,0) and (1,a). Thus, after plotting the two
points, a straightedge may be used to draw the graph as far as is needed. After having
learned calculus, you will know many more techniques for drawing good graphs of
functions.

Algebraic manipulation

Purpose of review

This section is intended to review algebraic manipulation. It is important to understand
algebra in order to do calculus. If you have a good knowledge of algebra, you should
probably just skim this section to be sure you are familiar with the ideas.

Rules of arithmetic and algebra

The following rules are always true.

e Addition
o Commutative Law: @ +b=0b+a
o Associative Law: (a+ b:] +ec=a+(b+ C‘]
o Additive Identity: @ + 0 = a.
o Additive Inverse: @ [:_‘1) = U.
e Subtraction
o Definition: @ — b=a- (_h).
e Multiplication
o Commutative law: @ X b = b x a.

o Associative law: [:‘1 x b) x .C =a X [:h X C).
o Multiplicative Identity: @ X 1 = a.

ax—=1
o Multiplicative Inverse: (1 , whenever & 70

o Distributive law: @ % ('5 + '3) =axb+4+ax C
e Division

a 1
— =1 % —
o Definition: b b, whenever b#0

The above laws are true for all a, b, and ¢, whether a, b, and ¢ are numbers, variables,
functions, or other expressions. For instance,



(2 'j)lﬁ-”;' D ((@+2)x @ +3) x (- —))

(@) % (@ +3) x (=)

(@) (),  af-3
x4 2, T # —3.

Of course, the above is much longer than simply cancelling X + 3 out in both the
numerator and denominator. But, when you are cancelling, you are really just doing the
above steps, so it is important to know what the rules are so as to know when you are
allowed to cancel. Occasionally people do the following, for instance, which is incorrect:

2}((:1:|2)_2K.1:|2_3:|2
2 -2 2 2
The correct simplification is
2><(3:|2)_2K:1:|2_1x:1:|2_ Lo
2 2771 e

where the number 2 cancels out in both the numerator and the denominator.

Exercises

Functions

1. Letf(x) =x"
1. Compute f(0) and f(2).
2. What are the domain and range of ?
3. Does f have an inverse? If so, find a formula for it.
2. Letfx)=x+2,9(x)=1/x.
1. Give formulae for
1. f+g,
2. f—g,
3. g—f,



4. [ xg,
5. /g,
6. g/f,
7. J © Gand
8. gof
2. Compute f(g(2)) and g(f(2)).
3. Do fand g have inverses? If so, find formulae for them.

.'J/‘\.I'l
== .-"x \_\. _."I ! g r,f'" _\k —
3. Does this graph represent a function?
Solutions-

1.

1. 1(0)=0,f2)=4

2. The domain is (_DC'! DC'); the range is [D! DC'),

3. No, since f isn't one-to-one; for example, f( — 1) =1f(1) = 1.
2.

1.

F+g))=x+2+1/x=(+2x+1)/x.
F—gX)=x+2—-1/x=0*+2x—1)/x.
-H)=1/x—x-2=(1-x*—2%X)/x.

(f X g)(x) = (x + 2)/z

(f/ g)(X) = X(x + 2) provided ¥ # U. Note that 0 is not in the
domain of f/ g, since it's not in the domain of g, and you can't
divide by something that doesn't exist!

6. (g/H(xX)=1/[x(x+2)]. Although 0 is still not in the domain, we
don't need to state it now, since 0 isn't in the domain of the
expression 1 / [X(X + 2)] either.

7. (fog)@)=1/z+2=(2z+1)/z,
5. (gof)(x)=1/(x+2)

2. f(g(2)=5/2;9(f2))=1/4.
3. Yes; T '(x)=x—2and g~ '(x)=1/x. Note that g and its inverse are the
same.
3. As pictured, by the Vertical Line test, this graph represents a function.

A e



Limits
Intuitive Look

A limit looks at what happens to a function when the input approaches a certain value.
The general notation for a limit is as follows:

lim f(x)

E—*l

This is read as "The limit of f(x) as X approaches a". We'll take up later the question of
how we can determine whether a limit exists for f(x) at a and, if so, what it is. For now,
we'll look at it from an intuitive standpoint.

Let's say that the function that we're interested in is f(x) = x*, and that we're interested in
its limit as X approaches 2. Using the above notation, we can write the limit that we're
interested in as follows:

: y
hm

r—2

One way to try to evaluate what this limit is would be to choose values near 2, compute
f(x) for each, and see what happens as they get closer to 2. This is implemented as
follows:

X 1.7 1.8 1.9 |1.95 1.99 1.999
f(x) =x* 2.89|3.24 | 3.61 | 3.8025 3.9601 | 3.996001
Here we chose numbers smaller than 2, and approached 2 from below. We can also
choose numbers larger than 2, and approach 2 from above:
X 23 122 21 205 2.01 2.001
f(x) = X% 5.29 | 4.84 | 4.41 | 4.2025 4.0401 | 4.004001
We can see from the tables that as x grows closer and closer to 2, f(x) seems to get closer
and closer to 4, regardless of whether X approaches 2 from above or from below. For this

reason, we feel reasonably confident that the limit of X* as X approaches 2 is 4, or, written
in limit notation,

. 2
lim ° = 4.

r—2



Now let's look at another example. Suppose we're interested in the behavior of the

x) = !

T — 2as x approaches 2. Here's the limit in limit notation:

function

’ 1
ml—rpiit—Q

Just as before, we can compute function values as X approaches 2 from below and from
above. Here's a table, approaching from below:

X 1.7 1.8/19 195 199 1.999

flz)=

-3.333 |-5 | -10 -20 |-100 |-1000

T —2
And here from above:
X 23 2.212.112.05/2.012.001

1
flz)= 5 3333|5 110/120 1100 | 1000
I_

In this case, the function doesn't seem to be approaching any value as X approaches 2. In
this case we would say that the limit doesn't exist.

Both of these examples may seem trivial, but consider the following function:

vz — 2)
T — 2

flz)=
This function is the same as

B x? if x #2
flz)= {undeﬁned if 2 =2

Note that these functions are really completely identical; not just "almost the same," but
actually, in terms of the definition of a function, completely the same; they give exactly
the same output for every input.

In algebra, we would simply say that we can cancel the term (X — 2), and then we have
the function f(X) = X, This, however, would be a bit dishonest; the function that we have
now is not really the same as the one we started with, because it is defined at X =2, and
our original function was, specifically, not defined at x = 2. In algebra we were willing to



ignore this difficulty because we had no better way of dealing with this type of function.
Now, however, in calculus, we can introduce a better, more correct way of looking at this
type of function. What we want is to be able to say that, even though at X = 2 the function
doesn't exist, it works almost as though it does, and it's 4. It may not get there, but it gets
really, really close. The only question that we have is: what do we mean by "close"?

Informal definition of a limit

As the precise definition of a limit is a bit technical, it is easier to start with an informal
definition; we'll explain the formal definition later.

We suppose that a function f is defined for X near ¢ (but we do not require that it be
defined when X = ¢).

Definition: (Informal definition of a limit)
We call L the limit of f(x) as x approaches c if f(x) becomes close to L when X is close
(but not equal) to c.

When this holds we write

lim f(z) =L

—

or

fle) =L as z—c

Notice that the definition of a limit is not concerned with the value of f(x) when X = ¢
(which may exist or may not). All we care about are the values of f(X) when X is close to
C, on either the left or the right (i.e. less or greater).

Limit rules

Now that we have defined, informally, what a limit is, we will list some rules that are
useful for working with and computing limits. These will all be proven, or left as
exercises, once we formally define the fundamental concept of the limit of a function.

First, the constant rule states that if f(x) = b (that is, f is constant for all X) then the limit
as X approaches ¢ must be equal to b. In other words

limb =5

E—C .



Second, the identity rule states that if f(x) = x (that is, f just gives back whatever number
you put in) then the limit of f as X approaches ¢ is equal to c. That is,

Imx = c

£

The next few rules tell us how given the values of some limits, to compute others.

Suppose that LTI fl@) =L, Img(x) =M 10 kis constant. Then
lim  f(z) = k-lim f(x) = kL
fim[f(2) + 9(@)] = lim f(2)+ lim g(a) = L+ M
lm{/(2) — o)) = lim (&) ~ limg(z) = L— M
im(f(@) g@] = lim f(@) Img(s)= LM
ﬂ%z %: %aslﬂngasﬂf#[]

Notice that in the last rule we need to require that M is not equal to zero (otherwise we
would be dividing by zero which is an undefined operation).

These rules are known as identities; they are the scalar product, sum, difference, product,
and quotient rules for limits. (A scalar is a constant, and, when you multiply a function by

a constant, we say that you are performing scalar multiplication.)

Using these rules we can deduce another. In particular, using the rule for products many
times we get that

lim f(x)" = (lll‘ﬂ flx)

T T—c ) for a positive integer n.

This is called the power rule.

Examples

3
m 4x
Example 1 Find the limit z—2 .

We need to simplify the problem, since we have no rules about this expression by itself.

un r
We know from the identity rule above that z—2 . By the power rule,



3
lim 2° = (lim :1:) _93_g

z—2 T—2 . Lastly, by the scalar multiplication rule, we get
lim 42° = 41lim 2 = 4 - 8—32

r—2 r—2

Example 2

lim [4z* T
Find the limit m—~2[ H oz ?].

To do this informally, we split up the expression, once again, into its components. As

lim 42° = 32
above,x—2 .
lim 5x = 5 - 11111:1:—5 2=10 lm7=7 ,
Also z—2 —32 and z—?2 . Adding these together

gives

lin124$3—|—5:1:+?'= 11%4x3+1m}?5x+1m%?=32+10+?=49

Example 3

, 43+ 5+ T
lim
Find the limit, *—2 (& —4)(z + 10}

lim 4z + 5 4+ 7 = 49

From the previous example the limit of the numerator is z—2
The limit of the denominator is

lim (z — 4)(z +10) = lim (2 — 4) - lim (2 + 10) = (2 4) - (2 + 10) = —24.
As the limit of the denominator is not equal to zero we can divide which gives

S 49
22 (z—4)(z +10) 24,

Example 4

4 164+ 7
111
Find the limit, T—4 dr —h

We apply the same process here as we did in the previous set of examples;



lim zt =16+ 7  lmy_y(a* — 162+ 7)  limg_g(x*) — lm,_s(16x) 4 lim,_4(7)
e—d Az —5  hm,_4(dx—35) lim,_4(4x) — lim, .4 5

We can evaluate each of these;

Iin:_LLlfrJ‘j = 256, lin:_ilflﬁrj = 64, lil]:_lLlf?:] =17, lil]:_lLlfélrj = 16

and
L (5 . 199
zlE}i( ) " Thus, the answeris 11 .
Example 5

1 —coszx
. . . lm
Find the limit *—0 T

To evaluate this seemingly complex limit, we will need to recall some sine and cosine

identities. We will also have to use two new facts. First, if f(X) is a trigonometric function

(that is, one of sine, cosine, tangent, cotangent, secant or cosecant) and is defined at a,
simn.r

lim f(z) = f(a) lim ——=1

then, z—a .Second, =0

To evaluate the limit, recognize that 1 — cosx can be multiplied by 1 + cosX to obtain (1 —
cos’X) which, by our trig identities, is sin’x. So, multiply the top and bottom by 1 + cosx.
(This is allowed because it is identical to multiplying by one.) This is a standard trick for
evaluating limits of fractions; multiply the numerator and the denominator by a carefully
chosen expression which will make the expression simplify somehow. In this case, we
should end up with:



. 1 —coszx , 1l —cosx 1
Im ——— = hm | —— - —

xz—0 T z—0 T 1
, (l—ccns:t 1—|—cos:1:)
= lim .
z—0 T 1+ cosx

(1 —cosz)-1+(1—cosz)-cosa

= lm
z—0) - (14 cosx)
. 1—cosz+ cosx — cos® x
= lim
z—0 x-(1+cosz)
, 1 —cos?a
= lim
z—0x - (1 + cosz)
. sin?
= lim
z—=0x - (1+ cosz)
. sin T sinx
= hm -
z—0 T 1+ cosx /.
. sInx sinx
hm -lim —
Our next step should be to break this up into z—0 z—01 4 cos Tby the
. sinx
lim =1
product rule. As mentioned above, *— I
sinx hm,_.qsinx 0

I1 = — — _
Next, =0 1 + cosz lim, .o(l +cosxz) 1+ cos0

Thus, by multiplying these two results, we obtain 0.

We will now present an amazingly useful result, even though we cannot prove it yet. We
can find the limit at ¢ of any polynomial or rational function, as long as that rational
function is defined at c (so we are not dividing by zero). That is, C must be in the domain
of the function.

Limits of Polynomials and Rational functions



If f is a polynomial or rational function that is defined at ¢ then

lim f(z) = f(c)

E—*C

We already learned this for trigonometric functions, so we see that it is easy to find limits
of polynomial, rational or trigonometric functions wherever they are defined. In fact, this
is true even for combinations of these functions; thus, for example,

lim (sin z” + 4 cos®*(3z — 1)) = sin 1% 4 4 cos*(3(1) — 1)

r—1

The Squeeze Theorem

Graph showing f being squeezed between g and h

The Squeeze Theorem is very important in calculus, where it is typically used to find the
limit of a function by comparison with two other functions whose limits are known.



It is called the Squeeze Theorem because it refers to a function f whose values are
squeezed between the values of two other functions g and h, both of which have the same
limit L. If the value of f is trapped between the values of the two functions f and g, the
values of f must also approach L.

Expressed more precisely:

Theorem: (Squeeze Theorem)

Suppose thatg(I) < f(I) < h(I}holds for all X in some
open interval containing a, except possibly at X = a itself.

lim g(z) = lim h(z) =L

Suppose also that r—a . Then
Iim f(x) =L
r—a f( ) also.

0 gl X815

o.3

U

o.1¢}

VA Y,

Plot of x*sin(1/x) for -0.5 <x <0.5

X

Iim xsin(1/x
Example: Compute z—0 { / ) Note that the sine of anything is in the interval [ —

1,1]. That is, —1 < sinx < Iforall x. Ifx is positive, we can multiply these
inequalities by x and get —% < Sil‘l( 1/ I) < T qfxis negative, we can similarly
multiply the inequalities by the positive number - X and get & < 5'11'1[: 1/ :I:) < -
Putting these together, we can see that, for all nonzero X, — |'T'| < Sil‘l( 1/ I) < |I|

' lim — |z| = lim |[z| =0
But it's easy to see that z—0 T—10

limurcsin(l/x} =0

. So, by the Squeeze Theorem,

Finding limits



Now, we will discuss how, in practice, to find limits. First, if the function can be built out
of rational, trigonometric, logarithmic and exponential functions, then if a number C is in
the domain of the function, then the limit at ¢ is simply the value of the function at c.

If ¢ is not in the domain of the function, then in many cases (as with rational functions)

the domain of the function includes all the points near ¢, but not c itself. An example
xI

1111
would be if we wanted to find z—0 I, where the domain includes all numbers besides 0.

m f(z)

In that case, in order to find zl—rc we want to find a function g(X) similar to f(X),
except with the hole at ¢ filled in. The limits of f and g will be the same, as can be seen
from the definition of a limit. By definition, the limit depends on f(X) only at the points
where X is close to € but not equal to it, so the limit at ¢ does not depend on the value of
the function at ¢. Therefore, if Lll‘ﬂm g (I) o L, .lel—% f (I) o Lalso. And since the
domain of our new function ¢ includes ¢, we can now (assuming g is still built out of
rational, trigonometric, logarithmic and exponential functions) just evaluate it at C as

lim f(z) = g(c)

before. Thus we have z—«¢

In our example, this is easy; canceling the X's gives g(x) = 1, which equals f(X) = X/ x at
_ lim = = lim 1 = 1 ,

all points except 0. Thus, we have =0 &  z=—0 . In general, when computing

limits of rational functions, it's a good idea to look for common factors in the numerator

and denominator.

Lastly, note that the limit might not exist at all. There are a number of ways in which this
can occur:

1 . HGap"
There is a gap (not just a single point) where the function is not defined. As an
example, in

flz) =vVa? - 16

.-LIE}: ! (i:)does not exist when =4 < € < 4, There is no way to "approach" the

middle of the graph. Note also that the function also has no limit at the endpoints
of the two curves generated (at ¢ =— 4 and ¢ = 4). For the limit to exist, the point
must be approachable from both the left and the right. Note also that there is no
limit at a totally isolated point on the graph.

2. "Jump"
If the graph suddenly jumps to a different level, there is no limit. For example, let
f(X) be the greatest integer < Then, if C is an integer, when X approaches



from the right f(X) = ¢, while when f(x) approaches from the left f(x) = ¢ — 1. Thus

lim f(x)

frm— will not exist.

3. Vertical asymptote
In
1

flz) =3
the graph gets arbitrarily high as it approaches 0, so there is no limit. (In this case
we sometimes say the limit is infinite; see the next section.)

4. Infinite oscillation
These next two can be tricky to visualize. In this one, we mean that a graph
continually rises above and falls below a horizontal line. In fact, it does this
infinitely often as you approach a certain X-value. This often means that there is
no limit, as the graph never approaches a particular value. However, if the height
(and depth) of each oscillation diminishes as the graph approaches the x-value, so
that the oscillations get arbitrarily smaller, then there might actually be a limit.
The use of oscillation naturally calls to mind the trigonometric functions. An
example of a trigonometric function that does not have a limit as X approaches 0 is

1

flx) = sin —.
X

As X gets closer to 0 the function keeps oscillating between - 1 and 1. In fact,
sin(1 / X) oscillates an infinite number of times on the interval between 0 and any
positive value of X. The sine function is equal to zero whenever X = ki, where K is
a positive integer. Between every two integers K, sinx goes back and forth
between 0 and - 1 or 0 and 1. Hence, sin(1 / X) = 0 for every x =1/ (kn). In
between consecutive pairs of these values, 1/ (k) and 1/ [(k + 1)x], sin(1 / X)
goes back and forth from 0, to either - 1 or 1 and back to 0. We may also observe
that there are an infinite number of such pairs, and they are all between 0 and 1 /
©. There are a finite number of such pairs between any positive value of X and 1 /
7, so there must be infinitely many between any positive value of X and 0. From
our reasoning we may conclude that, as X approaches 0 from the right, the
function sin(1 / X) does not approach any specific value. Thus,
lim sin(1/x) ,
z—0 does not exist.

Using limit notation to describe asymptotes

Now consider the function

g(z) = %

What is the limit as X approaches zero? The value of g(0) does not exist; it is not defined.



9(0) = é

Notice, also, that we can make g(x) as large as we like, by choosing a small X, as long as

T # D. For example, to make g(x) equal to one trillion, we choose X to be 10 °. Thus,

: 2
lim 1/x .
x—0 does not exist.

However, we do know something about what happens to g(x) when X gets close to 0
without reaching it. We want to say we can make g(X) arbitrarily large (as large as we
like) by taking X to be sufficiently close to zero, but not equal to zero. We express this
symbolically as follows:

. 1
lm () = i 5 = o0

Note that the limit does not exist at 0; for a limit, being ©Cis a special kind of not
existing. In general, we make the following definition.

Definition: Informal definition of a limit being £00
We say the limit of f(x) as x approaches c is infinity if f(X) becomes very big (as big as
we like) when X is close (but not equal) to C.

In this case we write

lim f(x) =00

X

or

flr) =0 as r—c

Similarly, we say the limit of f(x) as x approaches c is negative infinity if f(x) becomes
very negative when X is close (but not equal) to C.

In this case we write

lim f(r) = —co

I—C

or

flr) = —c0 as r—c



- lim —1/z* = —o0
An example of the second half of the definition would be that z—0 .

Key application of limits

To see the power of the concept of the limit, let's consider a moving car. Suppose we
have a car whose position is linear with respect to time (that is, a graph plotting the
position with respect to time will show a straight line). We want to find the velocity. This
is easy to do from algebra; we just take the slope, and that's our velocity.

But unfortunately, things in the real world don't always travel in nice straight lines. Cars
speed up, slow down, and generally behave in ways that make it difficult to calculate
their velocities.

Now what we really want to do is to find the velocity at a given moment (the
instantaneous velocity). The trouble is that in order to find the velocity we need two
points, while at any given time, we only have one point. We can, of course, always find
the average speed of the car, given two points in time, but we want to find the speed of
the car at one precise moment.

This is the basic trick of differential calculus, the first of the two main subjects of this
book. We take the average speed at two moments in time, and then make those two
moments in time closer and closer together. We then see what the limit of the slope is as
these two moments in time are closer and closer, and say that this limit is the slope at a
single instant.

We will study this process in much greater depth later in the book. First, however, we
will need to study limits more carefully.

Continuity

We are now ready to define the concept of a function being continuous. The idea is that
we want to say that a function is continuous if you can draw its graph without taking your
pencil off the page. But sometimes this will be true for some parts of a graph but not for
others. Therefore, we want to start by defining what it means for a function to be
continuous at one point. The definition is simple, now that we have the concept of limits:

Definition: (continuity at a point)

If f(x) is defined on an open interval containing c, then f(x) is said to be continuous at ¢ if

m f(z) = f(c)

and only if zl—u::



Note that for f to be continuous at ¢, the definition in effect requires three conditions:

1. that f is defined at c, so f(C) exists,
2. the limit as X approaches C exists, and
3. the limit and f(c) are equal.

If any of these do not hold then f is not continuous at C.

The idea of the definition is that the point of the graph corresponding to ¢ will be close to
the points of the graph corresponding to nearby X-values. Now we can define what it
means for a function to be continuous in general, not just at one point.

A function is said to be continuous if it is continuous at every point in its domain.

Discontinuities

A discontinuity is a point where a function is not continuous. There are lots of possible
ways this could happen, of course. Here we'll just discuss two simple ways.

Removable Discontinuities

2 -9

The function x — 3 is not continuous at x = 3. It is discontinuous at that point

because the fraction then becomes [), which is indeterminate. Therefore the function fails
the first of our three conditions for continuity at the point 3; 3 is just not in its domain.

However, we say that this discontinuity is removable. This is because, if we modify the
function at that point, we can eliminate the discontinuity and make the function
continuous. To see how to make the function f(X) continuous, we have to simplify f(X),

2?2 -9 (x+43)(z—-3) z+3 z-3

fla) === = =

getting r—3 (I - 3) 1 T — 3. We can define a
new function g(X) where g(x) = X + 3. Note that the function g(X) is not the same as the
original function f(x), because g(x) is defined at X = 3, while f(X) is not. Thus, g(X) is

lm(z +3) =6=g(3
continuous at X = 3, since z—-a( T } g( } However, whenever _T'L 3, f(x)
= g(X); all we did to f to get g was to make it defined at x = 3.

In fact, this kind of simplification is always possible with a discontinuity in a rational
function. We can divide the numerator and the denominator by a common factor (in our
example X — 3) to get a function which is the same except where that common factor was



0 (in our example at X = 3). This new function will be identical to the old except for being
defined at new points where previously we had division by 0.

Jump Discontinuities

[ |

r:mx‘
..---"""...“‘-.-..-T

Unfortunately, not all discontinuities can be removed from a function. Consider this
function:

1, ifz>0
”ﬂ_{A,ﬁxgo

lim k(x)

Since z—0 does not exist, there is no way to redefine K at one point so that it will be
continuous at 0. These sorts of discontinuities are called nonremovable discontinuities.

. lim E(z)= -1
Note, however, that both one-sided limits exist; z—0— and
lim k(z) =1 . '
r—0t . The problem is that they are not equal, so the graph "jumps" from one

side of 0 to the other. In such a case, we say the function has a jump discontinuity. (Note
that a jump discontinuity is a kind of nonremovable discontinuity.)

One-Sided Continuity

Just as a function can have a one-sided limit, a function can be continuous from a
particular side.

Intermediate value theorem (IVVT)

The intermediate value theorem is a very important theorem in calculus and analysis. It
says:



If a function is continuous on a closed interval [a,b], then for every value k between
f(a) and f(b) there is a value c on [a,b] such that f(c)=k.

A few steps of the bisection method applied over the starting range [a;;b;]. The bigger red
dot is the root of the function.

The bisection method is the simplest and most reliable algorithm to find roots to an
equation.

Suppose we want to solve the equation f(x) = 0. Given two points a and b such that f(a)
and f(b) have opposite signs, we know by the intermediate value theorem that f must have
at least one root in the interval [a, b] as long as f is continuous on this interval. The
bisection method divides the interval in two by computing ¢ = (a+b) / 2. There are now
two possibilities: either f(a) and f(c) have opposite signs, or f(c) and f(b) have opposite
signs. The bisection algorithm is then applied recursively to the sub-interval where the
sign change occurs. In this way we home in to a small sub-interval containing the root.
The mid point of that small sub-interval is usually taken as the root.



What is differentiation?

Differentiation is a method that allows us to find a function that relates the rate of
change of one variable with respect to another variable.

Informally, we may suppose that we're tracking the position of a car on a two-lane road
with no passing lanes. Assuming the car never pulls off the road, we can abstractly study
the car's position by assigning it a variable, x. Since the car's position changes as the time
changes, we say that x is dependent on time, or x = x(t). But this is not enough to study
how the car's position changes as the time changes; so far, we only have a way to tell
where the car is at a specific time. Differentiation allows us to study dx / dt, which is the
mathematical expression for how the car's position changes with respect to time.

Formally, we are able to find the slope at any point of a non-linear function (compare

with determining the slope of a linear function: quite easy). Suppose we have determined
the position of a particle at any time t modeled by the function:

x = 3t?

Differentiating this would give us the amount of change in distance with respect to
time (a rate, or speed).

The Definition of Slope

On a Line

Three lines with different gradients



The slope of a line, also called the gradient of the line, is a measure of its inclination. A
line that is horizontal has slope 0, a line from the bottom left to the top right has a
positive slope, a line from the top left to the bottom right has a negative slope.

Gradient can be defined in two (equivalent) ways. The first way is to express it as how
much the line climbs for a given "step" horizontally. We denote a step in a quantity using

a delta (A) symbol. Thus, a step in X is written as AX. We can therefore write this
definition of gradient as:

. Ay
Gradient = —=
! Ar

Alternatively, we can define gradient as the "tangent function" of the line:
Gradient = tan (),
where a is the angle between the line to the horizontal (measured clockwise). Those who

know how the tangent function is generated (opposite side over adjacent side) will be
able to spot the equivalence here.

If we have two points on a line, P (21, Y1)and @ (%2, y?), the step in X from P to Q is
given by:

Ar =10 — 14
Likewise, the step in y from P to Q is given by:
Ay = y2 — 1

This leads to the very important result below.

The definition of slope, m, between two points (X;,y1) and (Xz,y2) on a line is
_ Ay -1
Ar 1y — 11

On a Function

Most functions we are interested in are not straight lines (although they can be). We
cannot define a gradient of a curved function in the same way as we can for a line. In
order for us to understand how to find the gradient of a function at a point, we will first
have to cover the idea of tangency. A tangent is a line which just touches a curve at a
point, such that the angle between them at that point is zero. Consider the following four
curves and lines:



(i)

(iii) (iv)

i.  The line L crosses, but is not tangent to C at P.
ii.  The line L crosses, and is tangent to C at P.
iii.  The line L crosses C at more than one point, but is tangent to C at P.
iv.  There are many lines that cross C at P, but none are tangent. In fact, this curve has
an undefined tangent at 'P.

A secant is a line drawn through two points on a curve. We can construct a definition of
the tangent as the limit of a secant of the curve drawn as the separation between the
points tends to zero. Consider the diagram below.



As the distance h tends to zero, the secant line becomes the tangent at the point Xo. The
two points we draw our line through are:

P (zy, f (x0))

and

Q (o + h, f (20 + R))

As a secant line is simply a line and we know two points on it, we can find its slope, m,
from before:

Y=
To — Xy

T

Substituting in the points on the line,

f(xo +h) — f(z0)
(ro+h)—z0

This simplifies to

 fath) — ()
)~ J ()




This expression is called the difference quotient. Note that h can be positive or negative
— it is perfectly valid to take a secant with a secondary point to the left.

Now, to find the slope of the tangent, my we let h be zero. We cannot simply set it to zero
as this would imply division of zero by zero which would yield an undefined result.
Instead we must find the limit of the above expression as h tends to zero:

e | @o+ h) = f(x0)
Mo = i, h.

The Slope at a Point
Axr

Consider the formula for average velocity in the x-direction, At . This formula can be
used to find approximate results for speed, but is rarely exact. To correct this we look at
the change in position as the change in time approaches 0. Mathematically this is

Ax dxr

written as: &%Illﬂ' At dt , where d denotes change, x denotes distance, and t denotes
time. Compare the operator d with A. The delta should be familiar to you from studying
slope. They both indicate a difference between two numbers, however d denotes an
infinitesimal difference.

ds

(Note that the letter s is often used to denote distance, which would yield dt. The letter d
dd

is often avoided in denoting distance due to the ambiguity in the expression dt )

If a function f(x) is plotted on an (x,y) Cartesian coordinate system, differentiation will
yield a function which describes the rate of change of y with respect to x.

The rate of change at a specific point is called the instantaneous rate of change. The line
with a slope equal to the instantaneous rate of change and that only touches the graph at
that specific point is known as a tangent.

Historically, the primary motivation for the study of differentiation was the tangent line
problem: for a given curve, find the slope of the straight line that is tangent to the curve at
a given point. The word tangent comes from the Latin word tangens, which means
touching. Thus, to solve the tangent line problem, we need to find the slope of a line that
is "touching" a given curve at a given point. But what exactly do we mean by "touching"?



The solution is obvious in some cases: for example, a line y = mx + C is its own tangent;
the slope at any point is m. For the parabola y = x*, the slope at the point (0,0) is 0 (the
tangent line is flat). In fact, at any vertex of any smooth function the slope is zero,
because the slope of the tangent lines on either side of the point are opposite signs.

But how can you find the slope of, say, y = sinx + X’ at X = 1.5?

The easiest way to find slopes for any function is by differentiation. Differentiation
results in another function whose value for any value X is the slope of the original
function at x. This function is known as the derivative of the original function, and is

I
denoted by either a prime sign, as in f (I)(read "f prime of x"), the quotient notation,

df

dxor dr , which 1s more useful in some cases, or the differential operator notation,
Dy[f(x)], which is generally just written as Df(x).

Most of the time the brackets are not needed, but are useful for clarity if we are dealing
with something like D(fg) for a product.

x Il r
Example: Iff(m) = Jx 5,f (T) - d‘, no matter what X.
Example: If flx \:' - |I | (the absolute value function) then

_11 x <0
f'(x) = { undefined, = =0.
L, x>0

| o . lim fi(z)
Here, f(X) is not smooth (though it is continuous) at X = 0 and so the limits z—0+
lim f'(z)
and z—0~ (the limits as 0 is approached from the right and left respectively) are
not equal. f'(0) is said to be undefined, and so f'(x) has a discontinuity at 0. This sort of
point of non-differentiability is called a cusp. Functions may also not be differentiable
because they go to infinity at a point, or oscillate infinitely frequently.

The Definition of the Derivative

The derivative is the formula M, (slope of tangent line) on a curve at a specific point.

An example

Draw a curve defined as y = 3x* and select any point on it. We select the point at which X

= 4; what is the slope at this point? We can do it "the hard (and imprecise) way", without

using differentiation, as follows, using a calculator and using small differences below and
above the given point:



When x =3.999, y =47.976003.
When x =4.001, y = 48.024003.
Then the difference between the two values of X is AX = 0.002.

Then the difference between the two values of y is Ay = 0.048.

Aq
= 9
Thus, the slope Ax at the point of the graph at which x = 4.

Now using differentiation rules (see below) to solve this problem again, when y = 3%
then the slope at any point of that curve is found by evaluating y' = 6x.

A
=Y x4 =24

Our X is 4, so that Ax again. No need for a calculator!

) i L@t AD) = (@)

Ax—() Nor

This is the definition of the derivative. If the limit exists we say that f is differentiable at X
and its derivative at X is f'(X). A visual explanation of this formula is that the slope of the
tangent line is the limit of the slope of a secant line when the difference of the points (AX)
tends to zero.

Example

Let us try this for a simple function:

@) 3

b | B
H‘-—_—-"’f

r+dhr =
! 1 2 2
f(z) Q}E]—ln[}( Ax

. 1
_arto (E)



[
ba| =

This is consistent with the definition of the derivative as the slope of a function.

Sometimes, the slope of a function varies with X. This is demonstrated by the function
f(x) = X%,

1 li (z+ Az)* — o
flz) Jm, Az
o (2 22Ax + AL? —-TE>
lim
_ Az | Az
22z Mz)
lim
_Ax—0 | Ax
lim (2z + Az)
= Az—0
= 2X

Understanding the Derivative Notation

The derivative notation is special and unique in mathematics. The most common use of
derivatives you'll run into when first starting out with differentiating is the Leibniz

dy

notation, expressed as (. You may think of this as "rate of change in y with respect to
x". You may also think of it as "infinitesimal value of y divided by infinitesimal value of

x". Either way is a good way of thinking. Often, in an equation, you will see just d.x,
which literally means "derivative with respect to x". You may safely assume that it is the

dy

equivalent of d for now.

As you advance through your studies, you will see that dy and dx can act as separate
entities that can be multiplied and divided (to a certain degree). Eventually you will see

dx

derivatives such as dy, which sometimes will be written dy. Or, you may see a

df

derivative in polar coordinates marked as dr.




All of the following are equivalent for expressing the derivative of y = x*
dy

. dy

d ,_,

—x° = 2r

T
dy = 2xdx
(x) = 2x

D(f(x)) = 22,

2r

Exercises
Using the definition of the derivative find the derivative of the function f(X) =2x + 3
Using the definition of the derivative find the derivative of the function f(x) = x>. Now try

f(x) = x*. Can you see a pattern? In the next section we will find the derivative of f(x) = x"
for all n.

The text states that the derivative of | iI:|is not defined at X = 0. Use the definition of the
derivative to show this.

Graph the derivative to y = 4x> on a piece of graph paper without solving for dy / dx.
Then, solve for dy / dx and graph that; compare the two graphs.

Use the definition of the derivative to show that the derivative of sinX is cosX. Hint: Use a

. sint
lim — =1
suitable sum to product formula and the fact {—=0 ¢

Differentiation rules

The process of differentiation is tedious for large functions. Therefore, rules for
differentiating general functions have been developed, and can be proved with a little
effort. Once sufficient rules have been proved, it will be possible to differentiate a wide
variety of functions. Some of the simplest rules involve the derivative of linear functions.

Derivative of a Constant Function

For any fixed real number c,

Intuition



The function f(x) = c is a horizontal line, which has a constant slope of zero. Therefore, it
should be expected that the derivative of this function is zero, regardless of the value of x.

Proof

From the definition of a derivative:

f(z + Az) —f(fr)]
Ax

lim
Az

Let f(X) = ¢. Then f(x + AX) = ¢ because there are no x's in the function with which to plug
in X + AX. Therefore:

d . (c) — ¢
E[P] a ﬂh.-ﬂj{]l Ax ] =0
Example
d .
I 3] =0
Example
d

Derivative of a Linear Function

For any fixed real numbers m and c,

? ma +
— |Tnx cCl = 1Mm
dzx
dr d
The special case dx shows the advantage of the dnotation -- rules are intuitive by

basic algebra, though this does not constitute a proof, and can lead to misconceptions to
what exactly dx and dy actually are.

Constant multiple and addition rules

Since we already know the rules for some very basic functions, we would like to be able
to take the derivative of more complex functions and break them up into simpler



functions. Two tools that let us do this are the constant multiple rules and the addition
rule.

The Constant Rule

For any fixed real number C,

d d
o Lef(@)] = e [f(2)]

The reason, of course, is that one can factor ¢ out of the numerator, and then of the entire
limit, in the definition.

Example
We already know that
=[] -
| = BT
dx

Suppose we want to find the derivative of 3x*

d . 4

e 32 3 2
=3 x 27
=bx

Another simple rule for breaking up functions is the addition rule.

The Addition and Subtraction Rules

L [1(@) £ 9@)] = 2 [£()] £ - [g(a)
Proof

From the definition:

o [+ A2) £ g+ A2)] — [£(z) + 9(2)

Az0 Ax




i |t A2) — f(2)] + g ﬁﬂf)—g(ﬂ?)]]

Az—0 | Ar
— pm | &T)_f(T)]] L+ opm |92 &T)_QET)]]
Axr—0 | FAY Ax—i) Ar
d d
- )+ — 7
By definition then, this last term is d [f ( T)] dax [g ( T)]
Example:
d 1, - d . o
E[JT | 5T]=E[S.’E | 51’]
d 5 d
:E[dm] - [52]
b d (52
Ot dx o
=6x + 5

The fact that both of these rules work is extremely significant mathematically because it
means that differentiation is linear. You can take an equation, break it up into terms,
figure out the derivative individually and build the answer back up, and nothing odd will
happen.

We now need only one more piece of information before we can take the derivatives of
any polynomial.

The Power Rule

d

e [2"] = na" ',z £ 0

For example, in the case of X* the derivative is 2x' = 2x as was established earlier. This
rule is actually in effect in linear equations too, since X"~ ' = x” when n=1, and of course,
any real number or variable to the zero power is one.

This rule also applies to fractional and negative powers. Therefore

d d
dr [«,/F] —dx [mlﬁ]



L i
_o"
1

_2y/x

Since polynomials are sums of monomials, using this rule and the addition rule lets you
differentiate any polynomial. A relatively simple proof for this can be derived from the
binomial expansion theorem.

Derivatives of polynomials

With these rules in hand, you can now find the derivative of any polynomial you come
across. Rather than write the general formula, let's go step by step through the process.

%[b?‘ b 32% 4 3z 4 1]

The first thing we can do is to use the addition rule to split the equation up into terms:

d d d

0]+ g 3] el +

We can immediately use the linear and constant rules to get rid of some terms:

% 62°] - % 32%] + 3+ 0.

Now you may use the constant multiplier rule to move the constants outside the
derivatives:

dorgr .80, .
ﬁﬁ [T] | JE [Ta] 3.

Then use the power rule to work with the individual monomials:
6 (52*) +3(22) + 3.
And then do some algebra to get the final answer:

30z* + 6z + 3.

These are not the only differentiation rules. There are other, more advanced,
differentiation rules, which will be described in a later chapter.



Exercises
e Find the derivatives of the following equations:
f(x)=42
f(x) =6x+ 10
f(x) = 2x* + 12x + 3

o Use the definition of a derivative to prove the derivative of a constant function, of
a linear function, and the constant rule and addition or subtraction rules.

e Answers:
fx)=0
fx)=6
f(X)=4x+12

Extrema and Points of Inflexion

The four types of extrema.

Maxima and minima are points where a function reaches a highest or lowest value,
respectively. There are two kinds of extrema (a word meaning maximum OF minimum):
global and local, sometimes referred to as "absolute" and "relative", respectively. A
global maximum is a point that takes the largest value on the entire range of the function,
while a global minimum is the point that takes the smallest value on the range of the
function. On the other hand, local extrema are the largest or smallest values of the
function in the immediate vicinity.

All extrema look like the crest of a hill or the bottom of a bowl on a graph of the
function. A global extremum is always a local extremum too, because it is the largest or
smallest value on the entire range of the function, and therefore also its vicinity. It is also
possible to have a function with no extrema, global or local: y=X is a simple example.

At any extremum, the slope of the graph is necessarily zero, as the graph must stop rising
or falling at an extremum, and begin to fall or rise. Because of this, extrema are also
commonly called stationary points or turning points. Therefore, the first derivative of a
function is equal to zero at extrema. If the graph has one or more of these stationary



points, these may be found by setting the first derivative equal to zero and finding the
roots of the resulting equation.

The function f(x)=x*, which contains a point of inflexion at the point (0,0).
p

However, a slope of zero does not guarantee a maximum or minimum: there is a third
class of stationary point called a point of inflexion. Consider the function

f(z)=2"
The derivative is
f'(z) = 32*

The slope at x=0 is 0. We have a slope of zero, but while this makes it a stationary point,
this doesn't mean that it is a maximum or minimum. Looking at the graph of the function
you will see that x=0 is neither, it's just a spot at which the function flattens out. True
extrema require the a sign change in the first derivative. This makes sense - you have to
rise (positive slope) to and fall (negative slope) from a maximum. In between rising and
falling, on a smooth curve, there will be a point of zero slope - the maximum. A
minimum would exhibit similar properties, just in reverse.

Good (B and C, green) and bad (D and E, blue) points to check in order to classify the
extremum (A, black). The bad points lead to an incorrect classification of A as a
minimum.

This leads to a simple method to classify a stationary point - plug x values slightly left
and right into the derivative of the function. If the results have opposite signs then it is a



true maximum/minimum. You can also use these slopes to figure out if it is a maximum
or a minimum: the left side slope will be positive for a maximum and negative for a
minimum. However, you must exercise caution with this method, as, if you pick a point
too far from the extremum, you could take it on the far side of another extremum and
incorrectly classify the point.

The Extremum Test

A more rigorous method to classify a stationary point is called the extremum test. As we
mentioned before, the sign of the first derivative must change for a stationary point to be
a true extremum. Now, the second derivative of the function tells us the rate of change of
the first derivative. It therefore follows that if the second derivative is positive at the
stationary point, then the gradient is increasing. The fact that it is a stationary point in the
first place means that this can only be a minimum. Conversely, if the second derivative is
negative at that point, then it is a maximum.

Now, if the second derivative is zero, we have a problem. It could be a point of inflexion,
or it could still be an extremum. Examples of each of these cases are below - all have a
second derivative equal to zero at the stationary point in question:

e« y=Xx has a point of inflexion at X = 0
« y=x"has a minimum at x = 0
« y=—x"has a maximum at X = 0

However, this is not an insoluble problem. What we must do is continue to differentiate
until we get, at the (n+1)th derivative, a non-zero result at the stationary point:

F2)=0,f"(@)=0,....,f" @) =0, f"(x) £0

If n is odd, then the stationary point is a true extremum. If the (n+1)th derivative is
positive, it is a minimum; if the (n+1)th derivative is negative, it is a maximum. If n is
even, then the stationary point is a point of inflexion.

As an example, let us consider the function

f(z)=—2"

We now differentiate until we get a non-zero result at the stationary point at X=0 (assume
we have already found this point as usual):

ff (1:) _ _43:3

' (x) = —1227
[ x) = —24z
fP(z) = —24



Therefore, (n+1) is 4, so n is 3. This is odd, and the fourth derivative is negative, so we
have a maximum. Note that none of the methods given can tell you if this is a global
extremum or just a local one. To do this, you would have to set the function equal to the
height of the extremum and look for other roots.

More Differentiation Rules
Chain Rule

We know how to differentiate regular polynomial functions. For example:

d .
E(Z}m‘% — 62" +x) = 92" — 12z + 1

f(z) = (2® +5)°
f(x)=2* 4 102" + 25
f'(z) = 42° + 20z
However, there is a useful rule known as the chain method rule. The function above

(f(x) = (x* + 5)%) can be consolidated into two nested parts f(x) = u?, where u = m(x) = (x*
+ 5). Therefore:

if ,
g{u) = uang
u=m(z)=2"+5

Then:

f(z) = g(m(z))

Then

f(@) = ¢ (m(2))m'(z)

The chain rule states that if we have a function of the form y(u(x)) (i.e. y can be written
as a function of U and U can be written as a function of X) then:

dy dy du

dr  du dx



Chain Rule
If a function F(x) is composed to two differentiable functions

g(x) and m(x), so that F(x)=g(m(x)), then F(x) is differentiable
and,

F(z) = g'(m(z))m(z)

We can now investigate the original function:

dy
— =2u
du u
du 5
bl
dx
Therefore
di dy du |
b 9z = 2(a 4 5)(2) = 42° + 200

This can be performed for more complicated equations. If we consider:

_1|?:2

dx

and let y=vu and u=1+x%, so that dy/du=1/2"u and du/dx=2x, then, by applying the chain
rule, we find that

d - - 1 T
—V]1tr=— 2r=

dx 241 + 22 1+ z2

So, in just plain words, for the chain rule you take the normal derivative of the whole
thing (make the exponent the coefficient, then multiply by original function but decrease
the exponent by 1) then multiply by the derivative of the inside.

Product and Quotient Rules

When we wish to differentiate a more complicated expression such as:



our only way (up to this point) to differentiate the expression is to expand it and get a
polynomial, and then differentiate that polynomial. This method becomes very
complicated and is particularly error prone when doing calculations by hand. It is
advantageous to find the derivative of h(x) using just the functions f(x) = (x*+5)° and g(x)
= (x’ +2)’ and their derivatives.

Derivatives of products (Product rule)

% f(2)- g(x)] = f'(2)- 9(2) + f(2) - ¢'(2)

What this rule basically means is that if one has a function that is the product of two
functions, then all one has to do is differentiate the first function, multiply it by the other
undifferentiated function, add that to the first function undifferentiated multiplied by the
differentiated second function. For example, if one were to take the function

H(z) = (z+2)"-2(x + 1)’

its derivative would NOt be
3(x+ 2)% - 4(x 4+ 1)
Instead it would be
z+2)”-2x+ 1D+ (x+2)* 4z +1)

Another way of approaching this is if one were to have a function that was a product of
the two functions A and B

h{z)=A-B
Its derivative would be
h(z)=A"-B+ A-B
Proof

Proving this rule is relatively straightforward, first let us state the equation for the
derivative:



) o) — i 1O 9 1)~ 1) 90

We will then apply one of the oldest tricks in the book—adding a term that cancels itself
out to the middle:

%[f[ac) - g()] = lim f(z + h) - g(z + h)—F(x) - g(x |h§) FE(x) - g(x + h) — f(z) - g(x)

Notice that those terms sum to zero, and so all we have done is add 0 to the equation.

Now we can split the equation up into forms that we already know how to solve:

[+ h)-gleth) = f(@)-glath) | f2)-ga+ k)= f(z) 'gﬂ
h h

L $(z) - g(x)] = lim

dx h—1)

Looking at this, we see that we can separate the common terms out of the numerators to
get:

f(z+h) - f(x)
h

1 f(@)- g(@)] = lim |g(a+ 1) (@)

dx

gz +h) — .@(-’B)]
h

Which, when we take the limit, becomes:

% f(2)- 9(2)] = f(z)- g(x) + g(z) - f'(x)

D-two plus two D-one"

, or the mnemonic "one

This can be extended to 3 functions:

%U-‘?h‘] = f(z)g(x)h'(z) + f(z)d (x)h(z) + f'(x)g(x)h(x)

For any number of functions, the derivative of their product is the sum, for each function,
of its derivative times each other function.

Application, proof of the power rule



The product rule can be used to give a proof of the power rule for whole numbers. The
proof proceeds by mathematical induction. We begin with the base case n = 1. If f;(X) = x
then from the definition is easy to see that

1(#) = Jimy ——— =1

Next we suppose that for fixed value of N, we know that for fy(x) = XV, o) = NxV L

Consider the derivative of fy+ 1 (x)=x""",

f;”'-'_l[:m) — (?: . mf\r)f _ (m)fmf\" | T - (mf\r)f _ mf\" | T - ﬁ;r . mf\"—l — (ﬁr | 1)33;7'\"-
1

! . n—
We have shown that the statement f n (I} =n-x 1s true for n = 1 and that if this
statement holds for n = N, then it also holds for n =N + 1. Thus by the principle of

mathematical induction, the statement must hold for 7 = 1.- 2: ve

Quotient rule

For quotients, where one function is divided by another function, the equation is more
complicated but it is simply a special case of the product rule.

f(z)

0@) f(z)-g(z)”

Then we can just use the product rule and the chain rule:

d f(z) / -1 ! —2
g~ /@ 9@ - f@)-g'@)- 9(a)

We can then multiply through by 1, or more precisely: g(x)* / g(x), which cancels out
into 1, to get:

df@@)  f@)g@)  f@)-gk)

dr g(z)  g(x)? g(z)?

This leads us to the so-called "quotient rule":

Derivatives of quotients (Quotient Rule)



2

g(x)*

ftm)] _ [@)-9(@) - f(2)-d ()

Which some people remember with the mnemonic "low D-high minus high D-low over
the square of what's below."

Examples
The derivative of (4x —2) / (x* + 1) is:
d [4z-2)]  (@*+1)4) - (dz - 2)(2x2)
dr | 22 4+1 | (22 + 1)2
(42 + 4) — (822 — 4x)
(IZ + 1)2
—4x? + dx 44
(22 4 1)?

Remember: the derivative of a product/quotient is not the product/quotient of the
derivatives. (That is, differentiation does not distribute over multiplication or division.)
However one can distribute before taking the derivative. That is

%((al b) x (e d)):%(ac + ad + be + bd)

Implicit Differentiation

Generally, one will encounter functions expressed in explicit form, that is, y = f(x) form.
You might encounter a function that contains a mixture of different variables. Many
times it is inconvenient or even impossible to solve for y. A good example is the function

2 —_— . . . . oq
Y~ + 2yr + 3 = 9Tt is too cumbersome to isolate y in this function. One can utilize
implicit differentiation to find the derivative. To do so, consider y to be a nested function
that is defined implicitly by X. You need to employ the chain rule whenever you take the

d

derivative of a variable with respect to a different variable: i.e., d: (the derivative with
dy
respect to X) of X is 1; dxof y is dx.

Remember:



dy dy du

dr ~ du dax
Therefore:
d 4 d ady o dy
gty)—dy(y)dm =3y -
Examples
zy = 1

can be solved as:

Y= 7
then differentiated:

dyy 1

de 2

However, it can also be differentiated like this:

il
dz" N T dr
dy
r— +y=10
dx (use the product rule)
dy _y dy
dx T (solve for A1)
1 dy Uy dy 1
Note that, if we substitute T into dx N T, we end up with dr ﬂlzagain.

o Find the derivative of y* + x> = 25 with respect to X.

dy
You are seeking d.

Take the derivative of each side of the equation with respect to X.



dx dx
2 %y F 22 =10
- — T =
Y gT
y
2y — = —.
1y e 2xr
dy —«x
dr gy

Exponential, logarithmic, and trigonometric functions

Exponential

To determine the derivative of an exponent requires use of the symmetric difference
equation for determining the derivative:

d fa+h) = fz—h)

First we will solve this for the specific case of an exponent with a base of € and then
extend it to the general case with a base of a where a is a positive real number.

First we set up our problem using f(x) = €*:

F:r B lim e:r.'+h _ e:r.'—h
dr h—s{) 2h

Then we apply some basic algebra with powers (specifically that a?te=a a‘):

E:?.'Enrt. _ E:r.'e—h

dr h—1) 2h

Treating " as a constant with respect to what we are taking the limit of, we can use the
limit rules to move it to the outside, leaving us with:

h —h
d T T . £ — €
— e =¢" - lim ———
dx h—0 Ih

A careful examination of the limit reveals a hyperbolic sine:

d . . sinh(h
. e sinh(h)

—e
dx h—s0) h



sinh(h)

The limit of /2 as h approaches 0 is equal to 1, leaving us with:

Derivative of the exponential function

d

£ T
—e
dx

= £

in which f'(x) = f(x).

Now that we have derived a specific case, let us extend things to the general case.
Assuming that a is a positive real constant, we wish to calculate:

d xr
dx 4

One of the oldest tricks in mathematics is to break a problem down into a form that we
already know we can handle. Since we have already determined the derivative of &*, we
will attempt to rewrite a* in that form.

Using that e""© = ¢ and that ln(ab) =b - In(a), we find that:

at — E:r.'-ln{-u]

Thus, we simply apply the chain rule:

im . lll(ﬂ.)] E:r.'-ln{u]

d .
_E.r.-ln{u] _

dx

x - In(@) _

In which we can solve for the derivative and substitute back with e a’“ to get:

Derivative of the exponential function

d .
_al:i'. — 111 (ﬂ.) ﬂ.'h

dx

Logarithms



Closely related to the exponentiation is the logarithm. Just as with exponents, we will
derive the equation for a specific case first (the natural log, where the base is €), and then
work to generalize it for any logarithm.

First let us create a variable y such that:
y = In(x)
dy
It should be noted that what we want to find is the derivative of y or d.

Next we will put both sides to the power of € in an attempt to remove the logarithm from
the right hand side:

el =x

Now, applying the chain rule and the property of exponents we derived earlier, we take
the derivative of both sides:

dy

___i?.f:]_
dx €

This leaves us with the derivative:

dy 1

dx eV

Substituting back our original equation of X = &’, we find that:

Derivative of the Natural Logarithm

d 1
Eln (z) = p

If we wanted, we could go through that same process again for a generalized base, but it
is easier just to use properties of logs and realize that:

oa ) - 242




Since 1 /In(b) is a constant, we can just take it outside of the derivative:

d 1 d
a lﬂgb(ﬂ:) = lll(h) ) glﬂ(?ﬂ)

which leaves us with the generalized form of:

Derivative of the Logarithm
d 1
I l ol — - - .
dz ot (z) zIn (b)

Trigonometric Functions

Sine, Cosine, Tangent, Cosecant, Secant, Cotangent: These are functions that crop up
continuously in mathematics and engineering and have a lot of practical applications.
They also appear in more advanced mathematics, particularly when dealing with things
such as line integrals with complex numbers and alternate representations of space like
spherical and cylindrical coordinate systems.

We use the definition of the derivative, i.e.,

o) — i TEH )~ )

h—0) h

to work these first two out.

Let us find the derivative of sin X, using the above definition.
f(x) =sinzx

sin(x + h) — sinx

f(z) = lim

h—0) h Definition of derivative

cos(z) sin{h) + cos(h) sin(z) — sin{x)

= lim
h—0 h
trigonometric identity



cos(z)sin(h) + (cos(h) — 1) sin(x)

h—) h factoring

i cos(z) sin{h) i (cos(h) — 1) sin(x)
h—0 h h—0) h
separation of terms

=cosx X 1 + sinx X Uapplication of limit
= COS Tsolution

Now for the case of cos X

f(x) =cosx

cos(x + h) — cosx

1 .
) =1
/ (T) hl—l*]}} h Definition of derivative
" cos(z) cos(h) — sin(h)sin(zx) — cos(x)
— lim

h—0 h
trigonometric identity

cos(z)(cos(h) — 1) — sin(x)sin(h)

h—0) h factoring

~ m cos(x)(cos(h) — 1)_ lim sin(z) sin(h)
h—{) h h—{) h
separation of terms




= cosx X 0 — sinx x lapplication of limit

= — SIn Tsolution

Therefore we have established

Derivative of Sine and Cosine

d
E?sin(m) = cos(x)
= cos(r) = —sin(zx)

To find the derivative of the tangent, we just remember that:

sin(x)

tan(zx) = cos(z)

which is a quotient. Applying the quotient rule, we get:

2 .2
%tan(m) _ cos () + sin“(x)

cos?(x)

Then, remembering that cos?(x) + sin’(X) = 1, we simplify:

cos’(z) +sin*(z) 1
cos?(x) cos?(x)
— sec’(x)

Derivative of the Tangent



d
— tan(z) = sec’(x)

dx

For secants, we just need to apply the chain rule to the derivations we have already
determined.

1
cos(x)

sec(z) =

So for the secant, we state the equation as:

1
sec(z) = "
u(x) = cos(X)

Take the derivative of both equations, we find:

d =1 du
iz =
du _ )

o= — sin(x)

Leaving us with:

d ~ sin{x)

 cos?(x)

Simplifying, we get:

Derivative of the Secant

d
e sec(x) = sec(x) tan(x)

Using the same procedure on cosecants:



1

cso(z) = sin(x)
We get:
Derivative of the Cosecant
d = 1t
o cse(x) = — esc(x) cot(x)

Using the same procedure for the cotangent that we used for the tangent, we get:

Derivative of the Cotangent

d 2
— cot(z) = — esc™(x)

dx

Inverse Trigonometric Functions

Arcsine, arccosine, arctangent: These are the functions that allow you to determine the
angle given the sine, cosine, or tangent of that angle.

First, let us start with the arcsine such that:
y = arcsin(X)

To find dy/dx we first need to break this down into a form we can work with:
X = sin(y)

Then we can take the derivative of that:

dy
1 =cos(y) - —
) -
...and solve for dy / dx:
dy 1

dr  cos(y)



At this point we need to go back to the unit triangle. Since y is the angle and the opposite
side is sin(y) (which is equal to X), the adjacent side is cos(y) (which is equal to the square
root of 1 minus x°, based on the Pythagorean theorem), and the hypotenuse is 1. Since we
have determined the value of cos(y) based on the unit triangle, we can substitute it back
in to the above equation and get:

Derivative of the Arcsine
d 1

= arcsin{zx) = Nier:

We can use an identical procedure for the arccosine and arctangent:

Derivative of the Arccosine

d —1
— arccos

dx (z) = v 1—x?

Derivative of the Arctangent

d tan(z) — 1
arctan{x ~1Tr 2

dr

Exercises

By using the above rules, practice differentiation on the following.

i[(mii | 5)1{}]

1. dx
d .
—I[x” + 3z]
2. dd.?:
ol 4) @+ 2) (2 -3
i[f | 1]
4. dx' 3x2
d 3
13- 47

5. dx



d

; E[sinm ']

. dz 2:?.'

7. d:x:[ |
21

8. dr ¢
d o

9. dT[F |
2

10. dix *

Applications of Derivatives
Newton's Method

Newton's Method (also called the Newton-Raphson method) is a recursive algorithm for
approximating the root of a differentiable function. We know simple formulas for finding
the roots of linear and quadratic equations, and there are also more complicated formulae
for cubic and quartic equations. At one time it was hoped that there would be formulas
found for equations of quintic and higher-degree, though it was later shown by Neils
Henrik Abel that no such equations exist. The Newton-Raphson method is a method for
approximating the roots of polynomial equations of any order. In fact the method works
for any equation, polynomial or not, as long as the function is differentiable in a desired
interval.

Newton's Method

Let f(x) be a differentiable function. Select a point X; based on a
first approximation to the root, arbitrarily close to the function's
root. To approximate the root you then recursively calculate
using:

f(za)

it T T )
n.l'

As you recursively calculate, the X,'s become increasingly better
approximations of the function's root.

For n number of approximations,



Examples

Find the root of the function f[:T) =T

= f(2) =¢

To = T3 — =2
1

Xy = T2 — =

2~ il

Iy =Ty — — =

=

A —

:..g

L |

e
,_.;|,_.Dr::||—'w—-||—'tx3||—' =

o f(xy)
0 =T iy
Ty = T — f(xg) _
A
Ty — T7 f(zx7) _
fzr) 32

As you can see X, is gradually approaching zero (which we know is the root of f(x)). One
can approach the function's root with arbitrary accuracy.

2
Answer : f[:T) = has a root at = ().

Notes

This method fails when f'(X) = 0. In that case, one should choose a new starting place.
Occasionally it may happen that f(x) = 0 and f'(x) = 0 have a common root. To detect
whether this is true, we should first find the solutions of f'(x) = 0, and then check the
value of f(X) at these places.

Newton's method also may not converge for every function, take as an example:



T —T, forx = r

f(2) =

—v/r—z, forx<r

For this function choosing any x; = r — h then X, = r + h would cause successive
approximations to alternate back and forth, so no amount of iteration would get us any
closer to the root than our first guess.

Related Rates

Process for solving related rates problems:

e  Write out any relevant formulas and information.

o Take the derivative of the primary equation with respect to time.
e Solve for the desired variable.

e Plug-in known information and simplify.

As stated, when doing related rates, you generate a function which compares the rate of
change of one value with respect to change in time. For example, velocity is the rate of
change of distance over time. Likewise, acceleration is the rate of change of velocity over
time. Therefore, for the variables for distance, velocity, and acceleration, respectively x,
v, and a, and time, t:

dx

dat
duv

T dt

!

Using derivatives, you can find the functions for velocity and acceleration from the
distance function. This is the basic idea behind related rates: the rate of change of a
function is the derivative of that function with respect to time.

Common Applications
Filling Tank

This is the easiest variant of the most common textbook related rates problem: the filling
water tank.

e The tank is a cube, with volume 1000L.

e You have to fill the tank in ten minutes or you die.

e You want to escape with your life and as much money as possible, so you want to
find the smallest pump that can finish the task.



We need a pump that will fill the tank 1000L in ten minutes. So, for pump rate p, volume
of water pumped v, and minutes t:

B du
P="u
Examples

Related rates can get complicated very easily.

Example 1:

A cone with a circular base is being filled with water. Find a formula
which will find the rate with which water is pumped.

o Write out any relevant formulas or pieces of information.

1
V= g?r’rgh

o Take the derivative of the equation above with respect to time. Remember to use
the Chain Rule and the Product Rule.

1

V= —?T?" 2h

dvV. o« dr

- = - 2rh -

dt 3 ( g dt)

ﬂ—i('? |zh”£*")

Answer: dt 'j dt dt
Example 2:

A spherical hot air balloon is being filled with air. The volume is
changing at a rate of 2 cubic feet per minute.

How is the radius changing with respect to time when the radius is
equal to 2 feet?

e Write out any relevant formulas and pieces of information.

T . _l 3
sphere — ST

3



dVv

— =2
dt
r =2

o Take the derivative of both sides of the volume equation with respect to time.

4
V= 5?‘1’?"3
dvv 4 3 , dr
a 3 ° " T w
A dr
are - 7
dr
« Solve for dt
dr 1 dV
dt — 4nr?  di

e Plug-in known information.

dr 1

dt 167
dr 1

2

Answer: dt BT ft/min.

Example 3:

An airplane is attempting to drop a box onto a house. The house is 300
feet away in horizontal distance and 400 feet in vertical distance. The
rate of change of the horizontal distance with respect to time is the
same as the rate of change of the vertical distance with respect to
time. How is the distance between the box and the house changing with
respect to time at the moment? The rate of change in the horizontal
direction with respect to time is -50 feet per second.

Note: Because the vertical distance is downward in nature, the rate of change of y is
negative. Similarly, the horizontal distance is decreasing, therefore it is negative (it is
getting closer and closer).

The easiest way to describe the horizontal and vertical relationships of the plane's motion
is the Pythagorean Theorem.



Answer: dt ft/sec.

Write out any relevant formulas and pieces of information.

2 2 2
rty =s (where s is the distance between the plane and the house)
r = 300
y = 400
s = /22 + y2 = V3002 + 4002 = 500
dv dy 50
dt —dt

Take the derivative of both sides of the distance formula with respect to time.

a o 2
x4y =5
dx dy

9. 9
Tdtlydt

ds
Solve for dt .

dt  2s dt

25 -

. 1 l:
_g: (BT ar 2y -

Plug-in known information

ds _
dt 2(500)

lUUU(
= —T0ft/s

Example 4:

—70000)

ds

dt

dy
dt

2(300) - (—50) + 2(400) - (—50)]

Sand falls onto a cone shaped pile at a rate of 10 cubic feet per

minute.
is always 1/2 of its altitude.

The radius of the pile"s base

When the pile is 5 ft deep, how fast is

the altitude of the pile increasing?

Write down any relevant formulas and information.



V = E?T’rzh
dav 10
dt _1
r = 5:‘1
h =
B 1
2" into the volume equation
1
V=§:'T*rgh
2
L (R
3 4
_ 1 3
—E'ﬂ'h—

Take the derivative of the volume equation with respect to time.

1

L B
V = lzﬂ'h.

dv 1 2 dh
dt 4" T a
dh

Solve for t .
dh 4 dV
dt ~ wh® dt

Plug-in known information and simplify.

dh 4
- .10
dt 7(5)”

8
DT ft/min



dh 8

Answer: dt DT Ft/min.

Example 5:

A 10 ft long ladder is leaning against a vertical wall. The foot of
the ladder is being pulled away from

the wall at a constant rate of 2 ft/sec. When the ladder is exactly 8
ft from the wall, how fast is

the top of the ladder sliding down the wall?

e Write out any relevant formulas and information.

Use the Pythagorean Theorem to describe the motion of the ladder.

2 2 2
"ty =1 (where | is the length of the ladder)

[ =10
dr
dt
=8

y =12 —22=+/100— 64 = V36 =6

o Take the derivative of the equation with respect to time.

QTd—T | QH-@:U 2 ﬁ:{]
dt dt (" sodt )
dy
. SolveforE.
qu.fﬁf | Qy-.fﬁizz 0
dt dt
M
dt dt
dyy r dr
Aty dt

e Plug-in known information and simplify.

(Do



8

T
dy _8
Answer: dt 3 ft/sec.
Exercises
Problem Set

Here's a few problems for you to try:

1. A spherical balloon is inflated at a rate of 100 ft*/min. Assuming the rate of
inflation remains constant, how fast is the radius of the balloon increasing at the
instant the radius is 4 ft?

2. Water is pumped from a cone shaped reservoir (the vertex is pointed down) 10 ft
in diameter and 10 ft deep at a constant rate of 3 ft*/min. How fast is the water
level falling when the depth of the water is 6 ft?

3. A boat is pulled into a dock via a rope with one end attached to the bow of a boat
and the other end held by a man standing 6 ft above the bow of the boat. If the
man pulls the rope at a constant rate of 2 ft/sec, how fast is the boat moving
toward the dock when 10 ft of rope is out?

Solution Set
95  ft
1. 16m min
1 ft

2. 3T min
5 [t

3. 2sec

Kinematics

Kinematics or the study of motion is a very relevant topic in calculus.

This section uses the following conventions:

r(t)

represents the position equation
v(t

represents the velocity equation

a t)represents the acceleration equation



Differentiation

Average Velocity and Acceleration

Average velocity and acceleration problems use the algebraic definitions of velocity and
acceleration.

Ax

Vapg = E

Av

Qagpg = E
Examples
Example 1:

_ 33 2
A particle™s position is defined by the equation I(t) =t -2 *’t.
Find the
average velocity over the interval [2,7].

o Find the average velocity over the interval [2,7]:

2(7) — x(2)
7T=2
202 =2
5]
50

Vaw q=

Answer: Pavg = 50.

Instantaneous Velocity and Acceleration

Instantaneous velocity and acceleration problems use the derivative definitions of
velocity and acceleration.



Examples

Example 2:

A particle moves along a path with a position that can be determined by

. 3 t
the function I(t)'_'4t + =
Determine the acceleration when t = 3.

ds

Ht) = —.

. Findw() dt

ds g .
dv  d?%s

d*s ,
d’s
3N=—I_
. Finda( ) dt?|" 3
d'?

K Y TE: .
EE;“—3=24(5)| e’

=72 4 ¢
=02.08553692...

answer: @(3) = 92.08553692...

Integration

ta

Ty — ) = v(t)dt

g
Vg — ¥ = f a(t)dt
t1

Optimization



Optimization is the use of Calculus in the real world. Let us assume we are a pizza parlor
and wish to maximize profit. Perhaps we have a flat piece of cardboard and we need to
make a box with the greatest volume. How does one go about this process?

Obviously, this requires the use of maximums and minimums. We know that we find
maximums and minimums via derivatives. Therefore, one can conclude that Calculus will
be a useful tool for maximizing or minimizing (also known as "Optimizing") a situation.

Examples

Example 1:

A box manufacturer desires to create a box with a surface area of 100
inches squared.

What is the maximum size volume that can be formed by bending this
material into a box?

The box is to be closed. The box is to have a square base, square top,
and rectangular sides.

e  Write out known formulas and information

A!msr: = Tg
A.s-x';ir.' =x-h
Air}fﬂf = 2332 | -.LT h = 100
V=1l-w-h=2"h

e Eliminate the variable h in the volume equation

20° Fdxh = 100

7’ F 2xh = ﬁU
2xh EUﬁU — 7
50 — 2
h=——
2r

o (50 — z°
vV =(x%) (T)

1 .
= 5(5[]1‘ — Ti)

e Find the derivative of the volume equation in order to maximize the volume

dVv

. 2("jU JT)



v

o Setdr - and solve for T

1
5 (50— 33‘2) =0

5[1 3
3x? = 5

e Plug-in the X value into the volume equation and simplify

1
VR0V

=68.04138174..

Answer- Vinar = 68.04138174..

Sales Example

Revenue r(n
"/
Poing of micexinnmn foss ) ,..r’/ Cost L'(”)
/,.-"‘"f. Point of waximnn profil

A small retailer can sell n units of a product for a revenue of r(n)=8.1n and at a cost of
c(n)=n’-7n*+18n, with all amounts in thousands. How many units does it sell to
maximize its profit?

The retailer's profit is defined by the equation p(n)=r(n) - ¢(n), which is the revenue
generated less the cost. The question asks for the maximum amount of profit which is the
maximum of the above equation. As previously discussed, the maxima and minima of a



graph are found when the slope of said graph is equal to zero. To find the slope one finds
the derivative of p(n). By using the subtraction rule p'(n)=r'(n) - c¢'(n):

p(n) =r(n) —c(n)

d dr . 5
p‘r[n)zﬁ [8.1n] — o [n‘i — Tn* 18?;:]

_—3n 4 14n —-99

Therefore, when =37~ + 14n — 9.9 = lthe profit will be maximized or minimized.
Use the quadratic formula to find the roots, giving {3.798,0.869}. To find which of these
is the maximum and minimum the function can be tested:

p(0.869) = - 3.97321, p(3.798) = 8.58802

Because we only consider the functions for all n >= 0 (i.e. you can't have n=-5 units), the
only points that can be minima or maxima are those two listed above. To show that 3.798
is in fact a maximum (and that the function doesn't remain constant past this point) check
if the sign of p'(n) changes at this point. It does, and for n greater than 3.798 P'(n) the
value will remain decreasing. Finally, this shows that for this retailer selling 3,798 units
would return a profit of $8,588.02.



Integration

f the Integral

inition o

Def

Figure 2



The rough idea of defining the area under the graph of f'is to approximate this area with a
finite number of rectangles. Since we can easily work out the area of the rectangles we
get an estimate of the area under the graph. If we use a larger number of rectangles we
expect a better approximation, and the limit as we approach an infinite number of
rectangles will give the exact area.

Suppose first that fis positive and a<b. We pick an integer n and divide the interval /a,b]
into n subintervals of equal width (see Figure 2). As the interval /a,b/ has width b-a each
—

subinterval has width 7. We denote the endpoints of the subintervals by
$ﬂ1$1, - !mﬂso

ri=a+itAx fori=0,1,...,n.

Figure 3

- *
Now for each # = L, - -+, Tpick a sample point Tiin the interval [i-1, Tiland consider
&
the rectangle of height f (l‘t- :'and width Ax (see Figure 3). The area of this rectangle is

* .
f (3’:' )ﬂ_r By adding up the area of all the rectangles for ¢ = L. Nye get that the
area S is approximated by

Ap = flzy) Az + f(xy) Az + - -+ fla;)Az.

A more convenient way to write this is with the summation notation as



Ay = f(a)) A
i=1

For each number n we get a different approximation. As n gets larger the width of the
rectangles gets smaller which yields a better approximation (see Figures 4 and 5). In the
limit as 4, as n tends to infinity we get the area of S.

Definition of the Definite Integral Suppose fis a continuous function on /a,b] and

b—a
Ar =
7t . Then the definite mtegral of fbetween a and b is

f(T) dr = lim A, = lim Zf

*

Liare any sample points in the 1nterva1 [xi - 1.x:].

where

It is a fact that if f'is continuous on [a,b] then this limit always exists and does not depend

on the choice of the points T € [TI 1y TI] For instance they may be evenly spaced, or
distributed ambiguously throughout the interval. The proof of this is technical and is
beyond the scope of this section.

”f(ﬂ:) dx

Notation When considering the expression + a the function f'is called the
integrand and the interval [a,b] is the interval of integration. Also a is called the lower
limit and b the upper limit of integration.

One important feature of this definition is that we also allow functions which take

* *
negative values. If f{x)<0 for all x then f (Tx ) < Uso f [:Tx )&m = U. So the definite
integral of /' will be strictly negative. More generally if f'takes on both positive an

x)dx
negative values then Ja will be the area under the positive part of the graph of
minus the area under the graph of the negative part of the graph (see Figure 6). For this

flz)dx
reason we say that Ja is the signed area under the graph.



Figure



& opAn

The area spanned by f{x)
A geometrical proof that anti-derivative gives the area

Suppose we have a function F(x) which returns the area between x and some unknown
point u. (Actually, u is the first number before x which satisfies F(u) = 0, but our solution
is independent from u, so we won't bother ourselves with it.) We don't even know if
something like F exists or not, but we're going to investigate what clue do we have if it
does exist.

We can use F to calculate the area between a and b, for instance, which is obviously F(b)-
F(a); F is something general. Now, consider a rather peculiar situation, the area bounded
at x and x + Ax, in the limit of Az — (). Of course it can be calculated by using F, but
we're looking for another solution this time. As the right border approaches the left one,
the shape seems to be an infinitesimal rectangle, with the height of f(x) and width of Ax.
So, the area reads:

Infinitesimal area = ﬁ!im{j f(z)Ax

Of course, we could use F to calculate this area as well:

Infinitesimal area = ﬂ}imﬂF(:t + Azx) — F(x)

By combining these equations, we have



lim F(x+ Az) — F(x) im f(z)Ax

=1
Hp—l) Mp—)
If we divide both sides by Ax, we get

F(z + Az) — F(x)
Ay = f(=z)

lim
Az

which is an interesting result, because the left-hand side is the derivative of F with respect
to x. This remarkable result doesn't tell us what F itself is, however it tells us what the
derivative of F is, and it is f.

Independence of Variable

It is important to notice that the variable x did not play an important role in the definition
of the integral. In fact we can replace it with any other letter, so the following are all

b b b b
flz)dz = | f(t)dt= | flu)du= | flw)dw.
equal: Ya i a a

the signed area under the graph of f between a and b.

Each of these is

Left and Right Handed Riemann Sums

These methods are sometimes referred to as L-RAM and R-RAM, RAM standing for
"Rectangular Approximation Method."

*
We could have decided to choose all our sample points i to be on the right hand side of

* —_— .
the interval [x; - 1,x;] (see Figure 7). Then i = Lifor all i and the approximation that we
called 4,, for the area becomes

A, = if(ﬂ)&r
i=1

This is called the right-handed Riemann sum, and the integral is the limit

b L
; f(z) dz = lim A, = lim Zl flz;) Az
i
Alternatively we could have taken each sample point on the left hand side of the interval.

*
.']'31'

In this case *i — ¥i—1(see Figure 8) and the approximation becomes

A.n = Zf(?:x_l)&"ﬁ
i=1



Then the integral of fis
b n
f f(x) dz = lim A, = HIEEDZ flxi_1)Ax.
“ i=1

The key point is that, as long as fis continuous, these two definitions give the same
answer for the integral.

Figure 7



Figure 8
Example 1

In this example we will calculate the area under the curve given by the graph of f{x) = x
for x between 0 and 1. First we fix an integer » and divide the interval [0,1] into n
subintervals of equal width. So each subinterval has width

1
Ag = —.

T

To calculate the integral we will use the right-handed Riemann Sum. (We could have
used the left-handed sum instead, and this would give the same answer in the end). For
the right-handed sum the sample points are

] =04 iAr = i=1,...,n

= | ==

flap) = ot =

T
Notice that 7i. Putting this into the formula for the approximation,

An = if(:c:‘)&x = i fi/n)Az = i L

1
- 2
i1 i1 - nn n

Now we use the formula



A — iﬂ(ﬂ 1) B n(n 1).

n2 2 2n2

To calculate the integral of /' between 0 and / we take the limit as # tends to infinity,

1 n(n+1) 1

dr = lim ———— = —.

L f@)de = lim =505~ =3
Example 2

Next we show how to find the integral of the function f{x) = x* between x=a and x=b.
This time the interval /a,b] has width b-a so

b—a

n

&3::

Once again we will use the right-handed Riemann Sum. So the sample points we choose
are

(b —
xz‘:ali&s‘::ﬁllu.
n

Thus

=§f(a| (5;a)i)m
]
=b—aE(ag 2a(b — a)i | (5_?21;2)

We have to calculate each piece on the right hand side of this equation. For the first two,



i=1 =
~2a(b—a)i 2a(b—a). 2a(b—a) n(n+1)
t_zl n B n EI n 2

For the third sum we have to use a formula

P n{n+ 1)(2n+ 1)

—~ 6

el

to get

i (b—a)*® (b—a)*n(n+1)(2n 1).

= n? n> §
Putting this together
A — b—a na? | 2a(b—a) n{n+1) | (b —a)’n(n 1)F2n 1) |
n n 2 n? §

Taking the limit as » tend to infinity gives

-/:j;ida:= (b—a) (az Fa(b— a) %(b_a)z)

1
=(b—a) (rf - ab — a® 5(52—2545 | ﬂz))
1
= z(b—a)(t* + ab +a)
1

_ E(bﬁl . [1.3).

Basic Properties of the Integral

The Constant Rule

From the definition of the integral we can deduce some basic properties. We suppose that
fand g are continuous on /a,b].



Integrating Constants

f:cdazzr:(b—a).

If ¢ 1s constant then

When ¢ > 0 and a < b this integral is the area of a rectangle of height ¢ and width b-a
which equals c(b-a).

Example

)
]1 Ode — 9(3—1) = 952 — 18.
G

1ldz = 11(6 — (—2)) = 11 % 8 = 88.

o
| 0dz=0x(17-2)=0.

Constant Rule

f:cf(az)da:zr:/:f(m)da:.

When f'is positive, the height of the function cf at a point x is ¢ times the height of the
function f. So the area under c¢f between a and b is ¢ times the area under /. We can also
give a proof using the definition of the integral, using the constant rule for limits,

n

fbr:f(:r:)daz= lim Y cf(zf) =c lim if(:r:‘) = r:fhf(:r:)d;r:.
i i1 i

n—oc £ n—oc £
i=1

Example We saw in the previous section that

1 1
] rdr = —
0 2.

Using the constant rule we can use this to calculate that

13d3‘ 3 lda‘ 31 J

L zdz = Am =35 =5,

fl Ted ?/ld;r (-7 =L
=Ll = = j:.z:_ T = =
0 v 0 2 2

Example We saw in the previous section that



b 13 3
]:rd:r—g(b —a”)

that

. We can use this and the constant rule to calculate

3 3 1 . ) 2 52
2?@:2[ 2dp — 2.5 (3 — 1% = 2(27— 1) = 2=
f1 v 1 T 3( ) 3( ) 3

The addition and subtraction rule

Addition and Subtraction Rules of Integration

f:(f(:v) - g(x))dz = f: f(z)dz - ]:g(::‘:)daz.
f:(f(j:) — g(z))dz = f: f(x)dzx - ]:Q(I)daz.

As with the constant rule, the addition rule follows from the addition rule for limits:

n

[ () + gtanyde= Jim 3 ) + ofai)

ﬂll_l:[clmz_fj‘)l llmzq

=£ﬂﬂm|£Mﬂﬂ

The subtraction rule can be proved in a similar way.

de:r-lS fzzrzd:r—y
Example From above and 3 s0
3 ¢ J
] (22% 4 Q)da‘zf 222 dx ] 9dx = % F18 = —lgﬁ,
1
3 52 2
2z% — 9)dx ]QEd:r— dr = — — 18 = —-.
[ @2*-9) 20 [ 9dw = 18- 2

Example

The Comparison Rule

Ly s

2 2 2 1 . . 32
f A2 + 14dx = 4] rdx |f l4dr =4--(2°-0%) +2-14 = —+28 =
0 0 0 3 3

116

3



Comparison Rule

e Suppose f(I) > []for all x in [a,b]. Then

[ f@)dz > 0.

e Suppose f(I} > g(I)for all x in /a,b]. Then
b i)
[ f@ydz > [ g(z)da.
e Suppose M > f(j') > Mfor all x in [a,b]. Then
{i]
M(b—a) > [ f(@)dz > m(b - a).

If f (I) > Dthen each of the rectangles in the Riemann sum to calculate the integral of f
will be above the y axis, so the area will be non-negative. If f (I) =g t:I)‘then
f (T) —4g (j‘) = Oand by linearity of the integral we get the second property. Finally if

M = f(x) Z Myhen the area under the graph of fwill be greater than the area of
rectangle with height m and less than the area of the rectangle with height M (see Figure
9). So

M(b— a) =f:Mgf:f(x)dacgfm=m(b—a).



Figure 9
Linearity with respect to endpoints

Additivity with respect to endpoints Suppose a < ¢ < b. Then

f:f(:t)dx= f:f(:t)dx+ f: f(x)dz.

Again suppose that fis positive. Then this property should be interpreted as saying that
the area under the graph of f'between a and b is the area between a and ¢ plus the area
between ¢ and b (see Figure 8)



Figure 8

Extension of Additivity with res%ect to limits of integration
— 0
Ar = =0

When a = b we have that mn SO

f: f(z)dz = 0.

Also in defining the integral we assumed that a<b. But the definition makes sense even

1
. Ar = —(b—a) o
when b<a in which case , n so has changed sign. This gives
[ f@yde =~ [ f(2)da.

With these definitions,

[ f@i= [ @i+ [ )

whatever the order of a,b,c.

Fundamental Theorem of Calculus

Statement of the Fundamental Theorem

Suppose that f'is continuous on /a,b/. We can define a function F by



F(r)= f: f(t) dt for x in [a, b].

Fundamental Theorem of Calculus Part | Suppose f'is continuous on /a,b] and F is
defined by

PTr)ztﬁrfﬁ)dt

Then F is differentiable on (a,5) and for all ¥ € (a, b),

F(z) = f(z).

Now recall that F is said to be an antiderivative of f'if F (I ) =f (I ) .

Fundamental Theorem of Calculus Part Il Suppose that f'is continuous on /a,b] and
that F'is any antiderivative of /. Then

fﬂﬂ@=F@—H@

Figure 1
Note: a minority of mathematicians refer to part one as two and part two as one. All

mathematicians refer to what is stated here as part 2 as The Fundamental Theorem of
Calculus.

Proofs



Proof of Fundamental Theorem of Calculus Part |

Suppose x is in (a,b). Pick Ax so that x + Ax is also in (a, b). Then

Flz) - f f(t)dt

and
x+Ax
FletAz)= [ f(t)d
v} .
Subtracting the two equations gives

Fz + Az) — F(z) — ]:erf(t)dt—]: f(t)dt.

Now

f+mf(t)dt=f:f(t)dt 7 pyar

N

so rearranging this we have
x+dAE
F(e+Az)~Fz)= [ ft)dt

According to the mean value theorem for integration, there exists a ¢ in [x, x + Ax] such
that

[ syt = soae

Notice that ¢ depends on Ax. Anyway what we have shown is that
F(z + Azx) — F(z) = f(c)Az
and dividing both sides by Ax gives

F(z + Az) — F(z)
Ao = /()

Take the limit as Ax — Owe get the definition of the derivative of F at x so we have



F'(z) = lim f(t”)

Aax—)

To find the other limit, we will use the squeeze theorem. The number c is in the interval

Im == lim 4+ Ar =2
[x, x + Ax], so x< ¢ < x + Ax. Also, &x—0 and Ax—i . Therefore,

according to the squeeze theorem,

lim e=x
Az ,

As fis continuous we have

F'{z) = lim f(c)zf( lim z‘:) = f(x)

Ax—l) Axp—s)
which completes the proof.

Proof of Fundamental Theorem of Calculus Part 11

§H
P(x)= [ ft)d.
Define a Then by the Fundamental Theorem of Calculus part I we
know that P is differentiable on (a,b) and for all € (‘1: b)

P(z) = f(2).

So P is an antiderivative of . Now we were assuming that ' was also an antiderivative so
for all T € (a, b),

A consequence of the Mean Value Theorem is that this implies there is a constant C such
that for all T € (‘11 b),

P(z) = F(z) + C.

and as P and F are continuous we see this holds when x=a and when x=b as well. Since
we know that P(a)=0 we can put x=a into the equation to get 0=F(a) +C so C=-F(a).
And putting x=b gives

:ﬁmm=mm=pw|c=pw_p@.

Integration of Polynomials



Using the power rule for differentiation we can find a formula for the integral of a power
using the Fundamental Theorem of Calculus. Let f{x) = x". We want to find an
antiderivative for f. Since the differentiation rule for powers lowers the power by 1, we
have that

d

E:}:’”H =(n+ 1)z"

As long as F1# Owe can divide by n+1 to get

d j:-n+1 .
E(n | 1) = =J@).

n+1

x

F(x) = :
So the function ( ) 1 -+ Lis an antiderivative of 1. If a,b>0 then F is continuous
on /a,b] and we can apply the Fundamental Theorem of Calculus we can calculate the
integral of f'to get the following rule.

Power Rule of Integration |

b ; .”]2'""'1 b b-n+1 _ ﬂ-n+1
T dr =
[r}

Notice that we allow all values of n, even negative or fractional. If »>0 then this works
even if a or b are negative.

n+1lla n+1 -:/,1slongasjr7"3"E —land a,b > 0.

Power Rule of Integration Il

f _
]:}:”d:}:z
[}

Example

m'ﬂ+1 ]J; b-n+1 _ !'lﬂ+1

n+ 1

a n+1 as long as n > 0.

a
] r*dr
To find /1 we raise the power by 1 and have to divide by 4. So
. 22t 1t T 15
3 x -
1

Example




The power rule also works for negative powers. For instance

31 3 2
] —iah"—/ x %dr =
1T 1

r273 T 1/1 171 1
N (1) ==2{Z2=1})==.
—QL —z(")’ ) 2(3? ) 2(9 ) 2
Example

We can also use the power rule for fractional powers. For instance

515 2,5 9
e, =5 (- 0f) =55

2

-

i rj 1
f vrdr =f ridr =
0 0

Example

|a| L

)

Using the linearity rule we can now integrate any polynomial. For example

3
3 222 4 zr} =3%42.3242.3-0=27+18+6 = 51.
1]

3
/ (3% 4 4x+2)dx =

0

Indefinite Integrals

The Fundamental Theorem of Calculus tells us that if fis continuous then the function

F)= [ ey
is an antiderivative of £ (i.e. F'(x) = f(x). However it is not the only
antiderivative. We can add any constant to F’ without changing the derivative.

(x) = )dx N r _
We write ) ff HC if the derivative of F'is F {I\] - f':I\] .
Example

Since the derivative of x* is 4x” the general antiderivative of 4x” is x* plus a constant.
Thus

]4.1:‘51@.1: -zt C.

Example: Finding antiderivatives

Let us return to the previous example, that of 6x>. How would we go about finding the
integral of this function? Recall the rule from differentiation that

dx

In our circumstance, we have:



d
dﬂlm

3 o 2

This is a start! We now know that the function we seek will have a power of 3 in it. How
would we get the constant of 6? Well,

d .
2— 2% = 2 x 32% = 62°.
dr

Thus, we say that 2x° is an antiderivative of 6x°.

Basic Properties of Indefinite Integrals

Constant Rule for indefinite integrals

frf('r)ﬂ!'r = f‘ff(T)dT

If ¢ 1s constant then

Sum/Difference Rule for indefinite integrals

]f(*r) I g(:::)d:;r:=ff(3:)dsr: | fg[:’]’)d“]‘"
ff(T) —g(m)dmsz(m)dm—fg(m)dg:_

Indefinite integrals of Polynomials

Since

d 1
e -n+1: -
dx n - 1'?: *

n

we have the following rule for indefinite integrals.

Power rule for indefinite integrals If 7 # —Lithen
mn 1 n+1 ]
rdr = ——=x FC.
n+1

Integral of the Inverse function

Since



dl _1
dx HI_:E

We know that

dx
/—T=111|.1:| -C
T

Note that the polynomial integration rule does not apply when the exponent is -1. This
technique of integration must be used instead. Since the argument of the natural
logarithm function must be positive (on the real line), the absolute value signs are added
around its argument to ensure that the argument is positive.

Integral of Sine and Cosine

In this section we will concern ourselves with determining the integrals of the sin and
cosine function.

Recall that
d .
— S8y = COsT
dr
d )
—COsS T = —=—S5ll.2E.
dx

So sin x is an antiderivative of cos x and -cos x is an antiderivative of sin x. Hence we get
the following rules for integrating sin x and cos x.

[cos:}: dr =sinx + C
C

[sin:;-: dr = — cos T

We will find how to integrate more complicated trigonometric functions in the chapter on
Further integration techniques.

Integral of the Exponential function

Since

d

£ £
—e
dxr

= £

we see that €' is its own antiderivative. Perhaps a more useful definition of this rule can
be given as:



hence:

Where the exponent (x) is differentiated to give a value of 1

d _
—e" = (1)e"
Simplified: dx (1

—
Becomes:

So the integral of an exponential function can be found thusly:
f e'dr =¢" +C

Integration Rules

]nd;r::na: O
$ﬂ+1
"l = ) —1
fT n+1 HCn 7

fﬁzd:czez—l—c’

]ﬂdﬁ_ln(a) HC

1
];dmzln|$| L Cz> 0

simnrdr = —cosx + C
cosxdr = sinx + C

tanxdr = — In|cosz| + C

——

cscxdr = —In |escx + cotz| + C



secxdr = In [secx + tanz| + C
cot zdx = In [sin x| + C

sec’ zdr = tanz + C

csc> xdr = —cotx 4 C

secrtanxdr =secx +

—_—

cscxcotxdr = —cscx + O

1 1 bx
—— dr = —arcsin— + ('
v a2 — b2x? b a

1 1 b
————dr = — arctan— + ('
a? + b2x? ab a

1 "
= —Eu‘::se::m O
a a

1
—— dr
/jzxf:r:? — a2
The Substitution Rule

f(ms(a:z) - x)dx.

Suppose that we want to find

The Fundamental theorem of calculus tells us that we want to find an antiderivative of the
function:

f(x) = cos(a?) - =

Since sin(x) differentiates to cos(x) as a first guess we might try the function sin(x?). But
by the Chain Rule

d d
— sin(z”) = cos(z?) - —x* = cos(z?) - 2z = 2z cos(2?)

dx dx

which is almost what we wanted apart from the fact that there is an extra factor of 2 in
front. But this is easily dealt with because we can divide by any constant so

(2
SR 2 L sina?) - 5 - 2cos(a’)e = zcos(a) = f(z).

sin(z?)

5 - C.

f::-: cos(z”)dx =

So using the Fundamental Theorem of Calculus,



In fact this technique will work for more general integrands. Suppose u is a differentiable

fu.’r(:;r:)ms(u.(m))dm

function. Then to evaluate we just have to notice that by the

Chain Rule
d . du ,
Esm(u.(m)) = cos(u(z) prial (x) cos(u(x)).

As long as u' is continuous the Fundamental Theorem applies and tells us that

/cos(u[m))uf(m)dm = sin(u(zx)) + C.

Now the right hand side of this equation is just the integral of cos(u) but with respect to u.
If we write u instead of u(x) this becomes

f cos(u(z))u'(z)dz = sin(u)du + C = f{:os(u)du.
So for instance if u(x) = x> we have worked out that
](ms(m"i) - 32%)dx = sin(z*) + C.

Now there was nothing special about using the cosine function in the discussion above,
and it could be replaced by any other function. Doing this gives us the substitution rule
for indefinite integrals.

Substitution rule for indefinite integrals Assume u is differentiable with continuous
derivative and that f'is continuous on the range of u. Then

[ sz = [ fuya.
du

—dx
Notice that it looks like you can cancel in the expression dr  toleave just a du. This
du

does not really make any sense as dxis not a fraction, but is a good way to remember
the substitution rule.

There is a similar rule for definite integrals, but we have to change the endpoints.

Substitution rule for definite integrals Assume u is differentiable with continuous
derivative and that f'is continuous on the range of u. Suppose ¢ = u(a) and d = u(b). Then

b i ol
i f(u.[m))ﬁdmz [ fu)du



Examples

Consider the integral

2
f reos(x? + 1) dx
0

By using the substitution u = x> + 1, we obtain du = 2x dx and

2 1 72
f reos(z® 4+ 1) dx = Tf cos(x? + 1)2x dx
0 0
1 75
=5 fl cos(u) du

1, . .
= 5(5111(5) — sin(1)).

Note how the lower limit x = 0 was transformed into u = 0>+ 1 = 1 and the upper limit x
=2intou=2>+1=5,

Proof of the substitution rule

We will now prove the substitution rule for definite integrals. Let ' be an anti derivative
of f'so

F(x) = f(x). By the Fundamental Theorem of Calculus

i
| Fw)du = F(d) - F(o).
C
Next we define a function G by the rule
G(zx) = Fu(x)).
Then by the Chain rule G is differentiable with derivative
G'(x) = F'(u(2))'(z) = flu(z))u'(z).

Integrating both sides with respect to x and using the Fundamental Theorem of Calculus
we get

]:f(?,tiﬂl))?f(ﬂl)dm = ]: G'(x)dx = G(b) — G(a).



But by the definition of F this equals

G(b) — Gla) = F(u(b)) — F(u(a)) = F(d) — F(c) — f f(u)du.

Hence

: flu(z))u'(z)dx = fj f(u)du.

which is the substitution rule for definite integrals.
Integration of even and odd functions

Recall that a function f'is called odd if it satisfies f{ — x) = — f(x) and is called even if f{ —
x) = f(x).

Suppose f'is a continuous odd function then for any a,

’ f(z)dz = 0.

—il
If f'is a continuous even function then for any a,
il il

flz)dx = 2]{} f(x)dx.

—il

Caution: For improper integrals (e.g. if a is infinity, or gf the function approaches infinity
i

f(x)dx
at 0 or a, etc.), the first equation above is only true if /0 exists. Otherwise the

integral is undefined, and only the Cauchy principal value is 0.

Suppose f'is an odd function and consider first just the integral from -a to 0. We make the
substitution u=-x so du=-dx. Notice that if x=-a then u=a and if x=0 then u=0. Hence

) 0 i
f[:fll)d.13=—]ﬂ fl—u)du = A f(—u)du.

—a 0 Now as fis odd, f{ — u) = — fu)

flx)dr = — Lﬂf(u.)du.

so the integral becomes +/—a Now we can replace the
dummy variable u with any other variable. So we can replace it with the letter x to give

) 11 i
flz)dx = —L flu)du = — : flzx)dx.

—il

Now we split the integral into two pieces

[ f@e= [ s@dat [ f@ye = [ f@ydet [ fayie=o



The proof of the formula for even functions is similar, and is left as an exercise.

Integration by Parts

Integration by parts for indefinite integrals Suppose f'and g are differentiable and their
derivatives are continuous. Then

[ 1@)d @)dz = f(z)g(z) - [ f(@)g(x)da.

If we write u=f{x) and v=g(x) then using the Leibnitz notation du=f"(x) dx and dv=g'(x)
dx and the integration by parts rule becomes

f wudy = uy — f vdu.

For definite integrals the rule is essentially the same, as long as we keep the endpoints.

Integration by parts for definite integrals Suppose f'and g are differentiable and their
derivatives are continuous. Then

b h

lﬁf(.??).*?f(ﬂ:)dm= f(T)g(T)L -/ F(z)g(z)dx

~ [0)g) ~ F(@)g(a) - [ f(@)g(x)de

This can also be expressed in Leibniz notation.

b b b
] udy = [uv] - f vdu.
[rs il il

Example Find

f:}: cos(x) dx

Here we let:

u = x, so that du = dx,
dv = cos(x)dx , so that v = sin(x).

Then:



]mcos(a‘:) dx = fudv
= Uv — ]U du
[3: cos(x)dr = xsin(x) — fsin(::-:) dx
]3: cos(x) dr = xsin(x) + cos(x) + C
where C is an arbitrary constant of integration.

Example

fj:zei dx

In this example we will have to use integration by parts twice.

Here we let

u= xz, so that du = 2xdx,
dv=e¢'dx, sothatv=r¢".

/xzeida:z fudu

=uu—fudu

]3: efdr =x E'E—fQJJE'Ed:}I:jZ e‘”—?]me‘*daz.

Then:

Now to calculate the last integral we use integration by parts again. Let

u ="x, so that du = dx,
dv=e¢'dx,sothatv=¢"

and integrating by parts gives
fj:eid:r: = xe’ —feid;r:=3:e$ —e".

So in the end



f:?:zeE dr = z%e” — 2(ze” — €%) = %" — 2xe” + 2¢” = *(2° — 2z + 2).

Example Find

fln(a:)da:.

The trick here is to write this integral as

/ln(a:) - ldz.
Now let

u=In(x)sodu=1/xdx,
v=xsodv=1dx.

Then using integration by parts,

/ln(m)da:zj:lﬂ(::)—f%da:

—zln(z) - [ 1do
[In(z)de = zn(z) ~z + C
[ In(2)dz = 2(In(z) - 1)+ C

where, again, C is an arbitrary constant.

, f&rctan(a:)ds:.
Example Find

Again the trick here is to write the integrand as &rctﬂ.nl:j;') - E"r‘:ta‘n(x) 1 Then let

u = arctan(x); du = 1/(1+x%) dx
v=x;dv=1-dx

S0 using integration by parts,

xT

f&rctan(a:)da:z xarctan(zr) — fl e dx




In (1 | 3:2) O

= rarctan(z) —

b2 |

_ fc“': cos(z)dx . . . -
Example Find : This example uses integration by parts twice. First let,

u=¢"; thus du = €'dx
dv = cos(x)dx; thus v = sin(x)

SO

] e’ cos(x)dr = ¢" sin(x) — ] e’ sin(x) dx
Now, to evaluate the remaining integral, we use integration by parts again, with

u=c¢e"du=e'dx
v = -cos(x); dv = sin(x)dx

Then

—e" cos da:

fe'“': sin(x)dx = —e" cos(x

= —¢” cc:s | e” cc:s

‘-..____f-____ﬂ

Putting these together, we get
]e‘” cos(z) dr = e* sin(x) + e” cos(x) — ]c‘” cos(z) dx

Notice that the same integral shows up on both sides of this equation. So we can simply
add the integral to both sides to get:

2]&‘” cos(z) dz = e”(sin(x) + cos(x))

. e*(sin(x) + cos(x))
]e cos(z)dx = 5




Integration techniques-

Infinite Sums

The most basic, and arguably the most difficult, type of evaluation is to use the formal
definition of a Riemann integral.

Exact Integrals as Limits of Sums

Using the definition of an integral, we can evaluate the limit as n goes to infinity. This
technique requires a fairly high degree of familiarity with summation identities. This
technique is often referred to as evaluation "by definition," and can be used to find
definite integrals, as long as the integrands are fairly simple. We start with definition of
the integral:

b b—a™ Then picking f: to be
— 3 - : . _H
[ (@) da=Jim == 3" f(af) i
“ i=1 n we
get,
: —a & — 11
—JEI;G 2] )
T=

In some simple cases, this expression can be reduced to a real number, which can be
interpreted as the area under the curve if f(x) is positive on [a,b].

Example 1

2
- [etde R
Find JoO by writing the integral as a limit of Riemann sums.

9 n
2 3= [
L x° dr= = E




g n
= lim — Y ¢*
n—oa RSZL

T=

8 n(n+1)(2n+ 1)

= s G
_ 49202+ 3n+1
_ﬂl—r'l\'}GS n2
8 4
a3t T
_8

3

In other cases, it is even possible to evaluate indefinite using the formal definition. We
can define the indefinite integral as follows:

[ sty da= [ 50y = m T2 i)

f

1

T -1

= lim — 04 ———
tin 237 (04 £52)
T -1

— lim = il
w230 (%)

T—30
ni3

Example 2

Suppose f{x) = x°, then we can evaluate the indefinite integral as follows.

i=1 n
T8 fr-iN?
lim —Z(—)
ﬂ—'mﬂtzl n
T Mot gl
lim _Z 2
n—20 4 n
i=1
3 n
T
2
dim 5D i
n" iz
3 n



@?n(n4+1)(2n4+1)

A, 7 6

lim I_aﬂ(ﬂ—l— 1)(2n+1)
n—20 5

y 22+ 3n?4+n
ﬂﬂo n3 6

23 Tim 2n® + 3n? L3
n—oc \ G 6n®  6n3
. 1 1 1
3 1
21 ( )
it 3 2n  6n?

. (1
1% _

IE
3
If we are to write this formally, we remember our arbitrary constant, and we get
3
£

3+C

Recognizing Derivatives and the
Substitution Rule

After learning a simple list of antiderivatives, it is time to move on to more complex
integrands, which are not at first readily integrable. In these first steps, we notice certain
special case integrands which can be easily integrated in a few steps.

Recognizing Derivatives and Reversing Derivative
Rules

If we recognize a function g(x) as being the derivative of a function f{x), then we can
easily express the antiderivative of g(x):

[ g(@)dz = f(2) +C.

For example, since



d .
—sin x = cosT

dx

we can conclude that
fcas:t: dr =sinx + C.
Similarly, since we know e" is its own derivative,

]E:?.' dﬂ: E:i'.' | (':r

The power rule for derivatives can be reversed to give us a way to handle integrals of
powers of x. Since

d .
_mn =ﬂ‘,.”13n 1
dx

M

we can conclude that
jnm” de =z" + C,

or, a little more usefully,

T-n+1
]:}:”d:}:= 40
n+1 )

Integration by Substitution

For many integrals, a substitution can be used to transform the integrand and make
possible the finding of an antiderivative. There are a variety of such substitutions, each
depending on the form of the integrand.

Integrating with the derivative present

If a component of the integrand can be viewed as the derivative of another component of
the integrand, a substitution can be made to simplify the integrand.

For example, in the integral



]33:2(3:3 -1)° dx

we see that 3x is the derivative of x* + 1. Letting

u=x+1
we have

du 947

_— 3:

dr

or, in order to apply it to the integral,

du = 3xdx.
With this we may write
: . . | 1, . :
]33:2(3:‘3’ 1) da =]u'] du = Euﬁ F O = E(m‘j’ | l)ﬁ -

Note that it was not necessary that we had exactly the derivative of u in our integrand. It
would have been sufficient to have any constant multiple of the derivative.

For instance, to treat the integral

f:rfL sin(z”) dx
we may let u = x°. Then

du = 5x* dx
and so

1

Edu =zt dr

the right-hand side of which is a factor of our integrand. Thus,

1 1 1

fj:4sin(3:ﬁ)d3: =]Esin udu = — g cosu FC = —gcosx' -C.

In general, the integral of a power of a function times that function's derivative may be

do(@)]
integrated in this way. Since ~ d o )



L dig(@)

we have z .‘?I(m)-

Therefore, fgf(x)[g(x)]n= fq;(x) [g(j:)]n%
= [lg@)"dig(x)

gy
n+1

Integration by Parts

If y =u v where u and v are functions of x,
Then y' = (uv)' =vu + u'v

Rearranging, uv' = (uv)' — vu'

fuufda: = f(uv)’da: — fu*tfda:
Therefore,

I f
]uuda: = UV —]Uud;r:
Therefore, , Or

]udvzuu—fvdu

This is the integration by parts formula. It is very useful in many integrals involving
products of functions, as well as others.

For instance, to treat

]xsina:da:

we choose u = x and dv = sin x dx. With these choices, we have du = dx and v =—
cosx, and we have

fﬂ:sinxda: = —xcosa:—f{—cosa:)dxz — COS T fcosa:da: = —1 cosx-+sin 4.



Note that the choice of u and dv was critical. Had we chosen the reverse, so that = sinx
and dv = x dx, the result would have been

15 . 1,
5:1:‘5111.1:— ET' cos T dx.

The resulting integral is no easier to work with than the original; we might say that this
application of integration by parts took us in the wrong direction.

So the choice is important. One general guideline to help us make that choice is, if
possible, to choose u to be the factor of the integrand which becomes simpler when we
differentiate it. In the last example, we see that sinx does not become simpler when we

differentiate it: cosx is no simpler than sinx.

An important feature of the integration by parts method is that we often need to apply it
more than once. For instance, to integrate

o
/.1:‘53'“ dx

we start by choosing u = x* and dv = €" to get
2 r 2 v T
/m‘e'“ dr = x°e" — 2].1:6* dzr.

Note that we still have an integral to tal;re care of, and we do this by applying integration
by parts again, with # = x and dv = €" dx, which gives us

f:l:ng:‘E dr = ;t:zez—?fa:ez dr = xzez—ﬂ{xez—em)—i—c = 226" 226"+ 267 +-C.

So, two applications of integration by parts were necessary, owing to the power of x* in
the integrand.

Note that any power of x does become simpler when we differentiate it, so when we see
an integral of the form

]T”fl:*r) dx

one of our first thoughts ought to be to consider using integration by parts with u = x". Of
course, in order for it to work, we need to be able to write down an antiderivative for dv.

Example



Use integration by parts to evaluate the integral

fs'11'1(5::]|ef!“T dx

Solution: If we let u = sin(x) and V' = ¢", then we have u' = cos(x) and v = ¢". Using our
rule for integration by parts gives

fSiH(I)E'T dr = e” sin(z) —fCGS{I}E'T dx

We do not seem to have made much progress. But if we integrate by parts again with u =
cos(x) and v' = ¢" and hence u' = — sin(x) and v = €', we obtain

/5'11'1(:1:)15!E dr = e”sin(x) — €” cos(x) — fez sin(x) dx
We may solve this identity to find the anti-derivative of ¢"sin(x) and obtain

/5'11'1(:1:)15!E dr = %EE(SiH(I) —cos(z))+ C

Integration by Complexifying

This technique requires an understanding and recognition of complex numbers.
Specifically Euler's formula:

P {0
cosf +1-sinf =¢'

Recognize, for example, that the real portion:
Re{e’’} = cos#h

Given an integral of the general form:
f e’ cos2x dx

We can complexify it:

/Rﬂ{e*’(cos?m bi-sin2z)} drx



[ Refere)} e

With basic rules of exponents:

/Rﬂ{fﬁm-l_ﬂm} dr

It can be proven that the "real portion" operator can be moved outside the integral:

RE{/EE{1+2:’] dI}

The integral easily evaluates:

E.r{1+t'2]

Re{ }

1+ 2z
Multiplying and dividing by (1-21):

Hﬂ{l _5 2i£${1+i2]}

Which can be rewritten as:

1—2z

Re{ 5

EE Ez' 2r }

Applying Euler's forumula:

1—2z

Re{ 5

e”(cos2x + 1 - sin 2x) }

Expanding:
o

Re{%(cos?:t: + 2sin2z) +1 - %(sin 20 — 2cos2z)}

Taking the Real part of this expression:

il cos2r + 2sin 2x
H



So:

€T 3 E:r Iy 3 * I3
/e‘“ cos 2x dx = E(coszm I 2sin 2x)

LY

Partial Fraction Decomposition
3r+1

dx
Suppose we want to find f 22+ x One way to do this is to simplify the integrand

by finding constants 4 and B so that

Jx+1  3x+1 A B

Ig—l—I_I(I—I—l) :1:+:1:—|—1'

This can be done by cross multiplying the fraction which gives

3r+1  A(x+1)+ Bx

& (I + 1) & (I + 1) As both sides have the same denominator we must
have 3x + 1 = A(x + 1) + Bx. This is an equation for x so must hold whatever value x is. If
we put in x =0 we get 1 =4 and putting x =- 1 gives —2 =— B so B=2. So we see that

3:1:—|—1_1 2

:1:9—|—:1:_1:+:r,-|—1

Returning to the original integral

/3;1:+15E _fd;r, 2 g
24+ e :1:+ :E—I—IJ:

=ln|z|+2Injz+ 1|+ C

Rewriting the integrand as a sum of simpler fractions has allowed us to reduce the initial
integral to a sum of simpler integrals. In fact this method works to integrate any rational
function.

Method of Partial Fractions:

e Step 1 Use long division to ensure that the degree of P(x) less than the
degree of O(x).

e Step 2 Factor Q(x) as far as possible.

o Step 3 Write down the correct form for the partial fraction decomposition
(see below) and solve for the constants.



To factor Q(x) we have to write it as a product of linear factors (of the form ax + b) and
irreducible quadratic factors (of the form ax® + bx + ¢ with b* — 4ac < 0).

Some of the factors could be repeated. For instance if O(x) =x° — 6x” + 9x we factor O(x)
as

O(x) = x(x* = 6x + 9) = x(x — 3)(x — 3) = x(x — 3)".
It is important that in each quadratic factor we have b — 4ac < 0, otherwise it is possible

to factor that quadratic piece further. For example if O(x) = x* — 3x* — 2x then we can
write

O(x) =x(x* —3x +2) =x(x — )(x +2)

We will now show how to write P(x) / Q(x) as a sum of terms of the form

A Az + B
(ax + b)Yk, 4 (az? + bx + )F

Exactly how to do this depends on the factorization of Q(x) and we now give four cases
that can occur.

Case (a) Q(x) is a product of linear factors with no repeats.

This means that Q(x) = (a1x + b1)(axx + by)...(axx + b,) where no factor is repeated and no
factor is a multiple of another.

A

For each linear term we write down something of the form (IIT | b), so in total we
write

P(z) - Ay | Ay | A,
Q(x) B (a1 + b)) (aox + by) (anz + by)
Example 1
1+ 22

dx

Find/(-’r F3)(z+5)(x+T7)

Here we have P(x) =1 + xz,Q(x) =(x+3)(x +5)(x+7)and Q(x) is a product of linear
factors. So we write



1+ x° A | B I C
(z+3)(z+5)(z+7) z+3 z+5 z+7

Multiply both sides by the denominator
1+x*=A(x+5)(x+7)+B(x+3)x+7)+ Clx+3)(x +5)
Substitute in three values of x to get three equations for the unknown constants,

= =3 14+32=2-4A4
= =5 1+5%2=-2-2B
—7 147 =(-4)-(=2)C

|

soAd=5/4B=-13/2,C=25/4, and

1+ x? B 5 13 I 25
(z4+3)(z+5)(x+7) 4x+12 2x+10  4x+ 28

We can now integrate the left hand side.

1+ 2% dx 5] 1: 25
f - oo ='—111|3:|3|—c—5111|:1:|5 F—In|z+ 7|+ C
(x+3)(z+5)(z+7) 4 2 4

Case (b) Q(x) is a product of linear factors some of which are repeated.

If (ax + b) appears in the factorisation of Q(x) k-times. Then instead of writing the piece

(’m: | b) we use the more complicated expression

Ay | A, | Aj | | Ay,
ar+b  (ax+b)?%  (ax+ b)? (ax + b)k

Example 2

1
el EEDETT

Here P(x)=1" and "Q(x)=(x+1)(x+2)° We write



1 A B C

G+ D(@+2)? 241 232 (zt27°

Multiply both sides by the denominator 1 = A(x +2)* + B(x + 1)(x + 2) + C(x + 1)
Substitute in three values of x to get 3 equations for the unknown constants,

=0 1=22442B+C

= -1 1=A
= -2 1=-C
so A=1, B=-1, C=-1, and
1 1 1 1

(z+D(z+2)2 z4+1 z+2 (x+2)?

We can now integrate the left hand side.

dr = In C

f 1 r+1 1
4+ 1)z + 2)2 :1:—|—2+:1:—|—2+
( )

Case (c) Q(x) contains some quadratic pieces which are not repeated.

Ar + B

ar? + br + ¢)

If (ax® + bx + ¢) appears we use (
Case (d) Q(x) contains some repeated quadratic factors.

If (ax® + bx + ¢) appears k-times then use

.:411: —+ B-J_ .ﬁlgﬂ: -+ Bg .:*13I -+ Bg .:*1;;$ + Bk

(az? +bx +c¢) (ax?+bxr +c)?  (ax?+br +c)? o (azx? + bx + c)®

Trigonometric Substitution

If the integrand contains a single factor of one of the forms

a2 — 22 or vVa? + 2? or va? — a?we can try a trigonometric substitution.

. S0 2 . . .
o If'the integrand contains Vv {1~ — .X'"let x = asinO and use the identity 1 —
.2 2
sin"® = cos”0.



e Ifthe integrand contains V a? + 221et x = atand and use the identity 1 +
2 2
tan“0 = sec”0.

o Ifthe integrand contains V x? — a?let x = asecO and use the identity
sec’0 — 1 = tan’0.

Sine substitution

va =x"
This substitution is easily derived from a triangle, using the Pythagorean Theorem.

. . . S 2 o
If the integrand contains a piece of the form V 1© — XI'”we use the substitution

r =asinfl dr = acosfdf
This will transform the integrand to a trigonometic function. If the new integrand can't be

integrated on sight then the tan-half-angle substitution described below will generally
transform it into a more tractable algebraic integrand.

Eg, if the integrand is V(1-x%),

JIVI=2%dz = [™*\/1—sin®0cosOdo

= f{:r’m cos? f df
— %_Eﬁl b cos 260 df
- :

If the integrand is V(1+x)/N(1-x), we can rewrite it as

,Jllrn_/ll:;r:lljz_ 1+ x

Vl—:}:_\"ll Fxl—x /11— x2

Then we can make the substitution




Iy fde = [t cos0dd 0<a<1
ﬂfl | sin @ df a=sin"'a
o + [—cosf];
o+ 1—cosa

— 14sinta—+v1-—a?

Tangent substitution

This substitution is easily derived from a triangle, using the Pythagorean Theorem.
When the integrand contains a piece of the form V a2 + 22 we use the substitution

T —=atanf V124 a? =asech dr = asec’ Hdf

-3/2

E.g, if the integrand is (x*+a”)~* then on making this substitution we find

“ (22 + a’ _%daz — a2 ["coshdd z >0
J0 L) o
a?[sinf]; «a=tan"'(z/a)
— a2 sin o
— g?__z/a _ 1 _ =
V1+22/a? a* Va?+z

If the integral is
=

I:f val+a? z>0
o

then on making this substitution we find



I = a® [ sec®6dd a = tan !z /a)
= a2 fﬂn secl dtané
= a?[secftand]y — a? [ secHtan®f dd
= alsecatana — a? fﬂn sec® § dp +a? fﬂ' sech df
= alsecatana — I +a? ﬁ“ sech df

After integrating by parts, and using trigonometric identities, we've ended up with an
expression involving the original integral. In cases like this we must now rearrange the
equation so that the original integral is on one side only

I = la?secatana <+

i 2

~a‘secatan o

i

_l_
~a?secatana  +
_l_

2

= 1222 + a? +

za? [ secfdd
sa? [In (sect + tand)];
sa?In (seca + tana)

la?In (1425 +2

1l (24+,/1+ %

2 a

As we would expect from the integrand, this is approximately z*/2 for large z.

Secant substitution

Vx©-a

o

This substitution is easily derived from a triangle, using the Pythagorean Theorem.

If the integrand contains a factor of the form V 2?2 — a?we use the substitution

T =asecl dr =asecHtanfdf ' x?— a? =atand.

Example 1

z /2_1
[
1 H

Find



[Py = [0l gechtanf df z>1

= ﬂ“ tan? 6 df o =sec !z
= tanf — 6], tana = vsecla — 1
= tano — o tano = z2 — 1

vz? — 1 —sec 1z

Example 2

Z 22 I ].
1 xT

Find

1 1

fz v’m;—ldx — f”%secﬁtauﬂdﬂ z>1

o gin? § _ -1 .
0 eocp 0 =sec  z
We can now integrate by parts
z 21 _ o at
J{¥=Ade = —[tanfcosf]; + [ sectdf

—sina + [In(secf + tand)|g
In(sec o 4 tan ev) — sin o

= In(z4++v22-1) - Ez—l

Trigonometric Integrals

When the integrand is primarily or exclusively based on trigonometric functions, the
following techniques are useful.

Powers of Sine and Cosine

We will give a general method to solve generally integrands of the form cos™ (x)sin"(x).
First let us work through an example.

f{t}::-s3 x)(sin’ z) da

Notice that the integrand contains an odd power of cos. So rewrite it as

f{CﬂSQ x)(sin’ ) cos = dx



We can solve this by making the substitution u = sin(x) so du = cos(x) dx. Then we can
write the whole integrand in terms of u by using the identity

cos(x)’ = 1 - sin*(x)=1-u’.

So

[(cos®x)(sin® x) dz

[(cos? x)(sin® x) cosx dx
f!:l — ug)ug du
f u? du — f ut du

. =4

%u‘j’ | %u" F O
. L . E

= %Sm‘l’x—%sm”x O

This method works whenever there is an odd power of sine or cosine.

f(cﬂs’“ x)(sin" x) dx

To evaluate when either m or n is odd.

e If m is odd substitute u=sin x and use the identity cos*x = 1 - sin’x=1-u’.
e Ifnis odd substitute u=cos x and use the identity sin*x = 1 - cos’x=1-u’.

Example

w2 .
f cos'(x) sin®(z)dz
Find J/0 .

As there is an odd power of sin we let # = cosx so du = - sin(x)dx. Notice that when x=0
we have u=cos(0)=1 and when x =7 / 2 we have u = cos(n / 2) = 0.

[ coso(a)sind (@) = [ cos(z) sin?(x)sin(z)da
— ﬂ[} u™(1 - u?)du

ﬂ}l u'(1 — u?)du

f }1 utt — y2dy
[ttt — Ly*l

41 1 -’L:'[i

41 43"

When both m and n are even things get a little more complicated.



f(cﬂs’“ x)(sin” ) da
To evaluate when both m and » are even.

Use the identities sin’x = 1/2 (1- cos 2x) and cos’x = 1/2 (1+ cos 2x).

Example

_ ]sin2 rcost xdz.
Find

As sin’x = 1/2 (1- cos 2x) and cos’x = 1/2 (1+ cos 2x) we have

1 2
]smzzrcos rdr = f( 1—20323')) (5(1 | ::0323:)) dr

and expanding, the integrand becomes
1 2, : 3
3 1 —cos™ 22 + cos2x — cos” 2xdx ) .

Using the multiple angle identities

I

1 ld:r cos? 2z dr + [ cos2xdxr — | cos® 2x dx
f J J J )

%( (1 + cosdz)dr + 3sin2zx — [ cos® 2z cos2z dr)

= L(x | sin 2z + [ cosdz dr — 2 [ (1 — sin® 2z) cos 2z dx)

then we obtain on evaluating

r sindr sin®2r
I = T4 . | | C
16 64 48

Powers of Tan and Secant

f{tanm x)(sec” x) da:.

To evaluate

1. Ifnisevenand ™ = 2then substitute u=tan x and use the identity sec’x =
1 + tan’x.

2. If n and m are both odd then substitute u=sec x and use the identity tan’x =
secx-1.

3. If nis odd and m is even then use the identity tan’x = sec’x-1 and apply a
reduction formula to integrate sec’ xdr .



Example 1

fsm:2 xdr

Find

There is an even power of secx. Substituting u = tanx gives du = sec’xdx so

fseczjzda:=fdu=u F ' = tanx 4 C.

Example 2
_ ftan:r:da:
Find .
Let u = cosx so du = — sinxdx. Then
[tanzdr = [
. . ‘IEiIE
= f—du
- T
= —Injul+C
= —In|cosz|+ C
= In|secx| + C.
Example 3
_ fsec xdx
Find .

The trick to do this is to multiply and divide by the same thing like this:
- s6C r+tancE
[secxdr = [ secxi o

j‘ sec? r4sec rtan r
secr-t+tan r

o

Making the substitution u = secx + tanx so du = secxtanx + sec’xdx,

[ seczdz | %ﬂ!u
= In|u|+ C

= In|secz + tanz

-C




More trigonometric combinations

fsinn:t: cosma dx fsinn:r,sinma: dx

For the integrals or or
f COSNT cos M dx

use the identities

. sinacosbh = ;(sin(a b) + sin{a — b))
. sinasin b = g(cos(a —b) —cos(a+ b))
| cosa cosh = %(cos(a — b) +cos (a+ b))
Example 1
Find ] sin 3x cos bz dzx.

We can use the fact that sin a cos b=(1/2)(sin(a+b)+sin(a-b)), so
sin 3z cosbz = (sin8x + sin(—2z)),/2

Now use the oddness property of sin(x) to simplify
sin 3x coshxr = (sin 8x — sin 2x) /2

And now we can integrate

[sin3rcosbrdr = 1 [ sin8x — sin 2xdzx
— 171 1 p .
= 3(—gcos8z + jcos2zx) + C
Example 2
) ]sinmsin 2 dr
Find: .

Using the identities

sin rsin 2x =

[y

1
(cos(—z) — cos(3x)) = ﬁ{cos:r: — cos 3x).

b | =

Then



[sinzsin2zder = £ [(cosz — cos3z)dz
s(sinz — £ sin3z) + C

Reduction Formula

A reduction formula is one that enables us to solve an integral problem by reducing it to
a problem of solving an easier integral problem, and then reducing that to the problem of
solving an easier problem, and so on.

For example, if we let
I, = f e’ dr
Integration by parts allows us to simplify this to
I, =x"e" — ﬂfitﬂ_lﬁm dr =
I, =x"¢" —nl,_4
which is our desired reduction formula. Note that we stop at
1, 0= EE.
Similarly, if we let

Iﬂzf sec” 6 df

0

then integration by parts lets us simplify this to

I, =sec" *atana — (n — 2)[ sec” A tan’ H df
0

Using the trigonometric identity, tan’=sec’-1, we can now write
_ —2 o —2 o
I, = sec®2atana +(n—2) ([, sec®20df — [, sec" Hdb)
= sec" ?atana +(n=2)(I,_a—1,)
Rearranging, we get

1 n—2
I, = sec” 2atana 4+ ——1, 5

n—1 n—1




Note that we stop at n=1 or 2 if n is odd or even respectively.

As in these two examples, integrating by parts when the integrand contains a power often
results in a reduction formula.

Rational Functions Using Trig

Here we look at using trigonometry to simplify various rational integrands.
The "'tan half angle' substitution
Another useful change of variables is

t = tan(z/2)

With this transformation, using the double-angle trig identities,

]

2t 1—1t
_ = COST = -
1 t2 1+t

2t 2t
dr =

tanx =
1 —t2 1+ t2

sinx =

| ]

This transforms a trigonometric integral into a algebraic integral, which may be easier to
integrate.

For example, if the integrand is 1/(1 + sin x ) then

jfrfi de  _ 1 _2dt
1] 14sinz 0 (1+44)°
= [-&] !
1+t1p
= 1

This method can be used to further simplify trigonometric integrals produced by the
changes of variables described earlier.

For example, if we are considering the integral

1 /1 — 72
I=f ——dx
—1

1+ 22
we can first use the substitution x= sin 6, which gives

T2 cos?
I= —n/2 1 4 sin® ng



then use the tan-half-angle substition to obtain

7 / (1—t%)? 2dt
11 4+6824+#14+1¢2

In effect, we've removed the square root from the original integrand. We could do this
with a single change of variables, but doing it in two steps gives us the opportunity of
doing the trigonometric integral another way.

Having done this, we can split the new integrand into partial fractions, and integrate.

1
I = f 1gz+3 dt"‘f 15:2;:,1:!‘[{ _f—1 1Et?dt
_ 4—/8 448 _ —
— mtau Yv3+ \/_) 3_M@t-a,ll (3 \/g) T

This result can be further simplified by use of the identities

3+ V8= (vV2+1)" tan(v2+1)= Gi%)ﬂ

ultimately leading to
I=(V2-1)x

In principle, this approach will work with any integrand which is the square root of a
quadratic multiplied by the ratio of two polynomials. However, it should not be applied
automatically.

E.g, in this last example, once we deduced

w2 cos?f
"= L T

we could have used the double angle formula, since this contains only even powers of cos
and sin. Doing that gives

/2
1—|—:30526'dg 1 1—|—cas¢:

I = e E——
—n/2 3 — cos2f 2 —n3—cﬂs¢a

Using tan-half-angle on this new, simpler, integrand gives

[ = Jo L d

oo 14242 1442
foc' _2dt _j df
—oo 14262 —oo 142




This can be integrated on sight to give
I=—=—-2-=(V2-1)x
This is the same result as before, but obtained with less algebra, which shows why it is

best to look for the most straightforward methods at every stage.

A more direct way of evaluating the integral / is to substitute # = tan 6 right from the start,
which will directly bring us to the line

I_/w 1 dt
e 12121 12

above. More generally, the substitution 7 = tan x gives us

, { 1 dt
SN = —— C0ST = —— dx =

V112 N 142

so this substitution is the preferable one to use if the integrand is such that all the square
roots would disappear after substitution, as is the case in the above integral.

Alternate Method

In general, to evaluate integrals of the form

dx

f A4+ Bceosx+ Csinzx
a-+bcosx 4+ csinx
it is extremely tedious to use the aforementioned "tan half angle" substitution directly, as

one easily ends up with a rational function with a 4th degree denominator. Instead, we
may first write the numerator as

. . d .
A4+ Beosz+ Csinz Ep[a.+bccns:1:—|—c51n:t:)—|—qd—(a—l—bcﬂsx—i—csmx)—l—r
T

Then the integral can be written as

d .
—1a+ bCDSI—I—CElHI T
qd.'r( ) ) 1;]:

f(p—l— a-+bcost +ecsmx +c1.—|—bt:ﬂs:1:—|—csin1:

which can be evaluated much more easily.



Example

cosT + 2
. dxr
Evaluate / COST +smT |
Let

i
cosx + 2 = p(cosx + sinx) + qa(cﬂsx +sinz) + 7

Then

cosx + 2 = p(cosx +sinx) + g(—sinx + cosx) +r
cost+2=(p+gq)cosz +(p—g)sinx+r

Comparing coefficients of cos x, sin x and the constants on both sides, we obtain

p+g =1
p—g = D
r = 2

yielding p = g = 1/2, r = 2. Substituting back into the integrand,

f cosx + 2 dxzf%d$+%fd(ccnsx+sinx}+/ 2 i

COST + sina COST +sina COST + sinT

The last integral can now be evaluated using the "tan half angle" substitution described
above, and we obtain

f 2 da::x/ilnt

CosST +sinx

The original integral is thus

2 1
f cas:t:—l—l d$:E+—ln|ccns:1:—|—sin:1:|—|—\/§ln
COST + sin T 2 2

t-an%—l—k«,/i
t-an%—l—\/i

Irrational Functions

+C



Integration of irrational functions is more difficult than rational functions, and many
cannot be done. However, there are some particular types that can be reduced to rational
forms by suitable substitutions.

Type 1

Jar +b

\
Integrand COI‘]taInS\l cr + d

{

Jax
= I,I
Use the substitution cx d.
Example
1 /1—-x

/ — v dI‘
Find ¥ T I )
[

Yar + b
Type 2

Pr+ 0

dr

Integral is of the form Var? +br +c

d
P =p—I(axr” +b .
Write Px + Q as 7+ 0 pdr(ﬂr + I-I-CJJ-I-EI.

Example
dr —1

dr
Find ¢ V5 —4r — 27

Type 3

. 2 2
Integrand contains \/rl' — I, \/ﬂ-z + 220r V/IE — a?

This was discussed in "trigonometric substitutions above". Here is a summary:

2 a2 .
1. For ¥~ — X7, use x = asind.



2. ForVa® + IE, use x = gtanf.
3. ForV x? — a? , use x = asecH.

Type 4

1
f > dx
Integral is of the form (pr +q) var? + bz + ¢

1
u =
Use the substitution pPr+q.

Example

1
f da
Find? (1+2)v/3+6x 422

Type 5

Other rational expressions with the irrational function \/EI:EE +br+c

1. Ifa>0,wecanuse”'=\/fmjz Fbx 4 e+ Vax
vazr? + bx + ¢+ /e
H =

2. If¢> 0, we can use x .

a(r — a)

(98]

U =
If ax® + bx + ¢ can be factored as a(x — a)(x — B), we can use V z—
4. Ifa<0and ax® + bx + ¢ can be factored as — a0 — x)(x — B), we can use x =
0cos’® + Bsin’0, / theta + P.

Numerical Approximations

It is often the case, when evaluating definite integrals, that an antiderivative for the
integrand cannot be found, or is extremely difficult to find. In some instances, a
numerical approximation to the value of the definite value will suffice. The following
techniques can be used, and are listed in rough order of ascending complexity.

Riemann Sum

This comes from the definition of an integral. If we pick n to be finite, then we have:



f: f(z) da ~ i f(z*) Az

*

T'iis any point in the i-th sub-interval [x;_ 1,x;] on [a,b].

where

Right Rectangle

* — . . .
A special case of the Riemann sum, where we let *i = T4, in other words the point on
the far right-side of each sub-interval on, [a,b]. Again if we pick n to be finite, then we
have:

f f(z) dz ~ 3" f(zi) Az
a i=1

Left Rectangle

* e ] . .
Another special case of the Riemann sum, this time we let Ly = 33'*—1, which is the the
point on the far left side of each sub-interval on [a,b]. As always, this is an approximation
when n is finite. Thus, we have:

b i
a i=1

Trapezoidal Rule

b—a

-y
T)dr = ——
| @) de~ =

F(zo) 4 :zz(f(m.f)) )| = o) 12 @) b2 ) A2 (waa) )

Simpson's Rule

Remember, n must be even,

f: f(z) do= f’s;a- [f(:m) - ﬂf (3= (=1))f(zs) + f(;r,ﬂ)]

i=1
= b:;na [f(xo) +4f(z1) + 2f(x2) + 4f(x3) + - + 4f(@a1) + f2n)]

Improper Integrals



b
f r)dx
In a definite integral (+a ) the function has defined intervals and the function
itself is continuous. In this section, we deal with integrals of functions where the interval
is infinite (type I) or the function has infinite discontinuity in the intervals [a,b] (type II).

Type I: Infinite Integrals
An integral with infinite region includes =2C included in the interval such as
-

j_x f(z)dx

. We cannot simply find the antiderivative and plug in 2. We can
] b1
_ . ' o f —dr = lim | —dr
however rewrite the integral using a limit. Let /1 22 b—oc J1 22
Now this represents a definite integral so we can find the antiderivative and see if the

b1 11% 1
lim — dr = lim ——} =lim ——+1=1
Tl b—oo b

integral converges. b—2>J1 I~ b—oc
We can now define the the type 1 integral:

i

(a) If there is some value b where b > aandJa exists, then
s i)
] f(x)dr = lim [ f(z)dx
a b—oc Jg

I

flz)dx

(b) If there is some value a where @ < band Ja exists, then
b i)
f flz)dx = lim f(T) dx
—ac a——0oC

20
/ fl(z) da:
(c) We can also define

oo
f flz)dz = f f(x)dx f
assuming that both integrals

converge.

**note that if the limits fail to exist, we say that the integral diverges and if the improper
integrals yield a finite solution, the integral converges.

o

T -
re dr
Lets look at an example: Evaluate the integral if it converges. -[—:x:

o a ] _a b o
f re' dr = lim re® dxr + lim re® dr
—

a——oo fg b—oe Jy Use the chain rule to



find the antiderivative with 2r
] . _F{ﬂ']_g —r:-’{”] - 1
lim re® dr=—-— lim — = {(—=) —
A= fa 2 a——0C 2 ( 2) (U)
) b 2 ) _E{b]_g _E{ﬂ]_g :
lim [ ze” dr= lim — =(0)+ =
b—oc Jp b—oc 2 2 2

1
— 0
2 2 This shows that the integral converges to 0.

Type II: Infinite Discontinuity
Integrating a function that contains a vertical asymptote.

Applications of Integration

Area

Finding the area between two curves, usually given by two explicit functions, is often
useful in calculus.

In general the rule for finding the area between two curves is

A= Atrrp - Abrrf,f,rrmor

If f(x) is the upper function and g(x) is the lower function

A= [ @) - (@) de

This is true whether the functions are in the first quadrant or not.

Area between two curves

Suppose we are given two functions y;=f(x) and y,=g(x) and we want to find the area
between them on the interval /a,b]. Also assume that f{x)> g(x) for all x on the interval
[a,b]. Begin by partitioning the interval /a,b] into n equal subintervals each having a
length of Ax=(b-a)/n. Next choose any point in each subinterval, x;*. Now we can 'create’
rectangles on each interval. At the point x;*, the height of each rectangle is f(x;*)-g(x;*)



and the width is Ax. Thus the area of each rectangle is /f(x;*)-g(x;*)]4x. An
approximation of the area, 4, between the two curves is

A= §: f(a}) = glat)|Ax

Now we take the limit as » approaches infinity and get

L

A= lm Y[f(a}) — g(x})|Ax

n—oC

i=1

which gives the exact area. Recalling the definition of the definite integral we notice that

A= [1@) - g(@))dz

This formula of finding the area between two curves is sometimes known as applying
integration with respect to the x-axis since the rectangles used to approximate the area
have their bases lying parallel to the x-axis. It will be most useful when the two functions
are of the form y;=f(x) and y,=g(x). Sometimes however, one may find it simpler to
integrate with respect to the y-axis. This occurs when integrating with respect to the x-
axis would result in more than one integral to be evaluated. These functions take the form
x;=f(y) and x,=g(y) on the interval /c,d]. Note that [c,d] are values of y. The derivation
of this case is completely identical. Similar to before, we will assume that f{y)> g(y) for
all y on /c,d]. Now, as before we can divide the interval into »n subintervals and create
rectangles to approximate the area between f(y) and g(y). It may be useful to picture each
rectangle having their 'width', 4y, parallel to the y-axis and 'height', f(y;*)-g(y:*) at the
point y;*, parallel to the x-axis. Following from the work above we may reason that an
approximation of the area, 4, between the two curves is

A= Z flul) —g(yi)]Ay

As before, we take the limit as n approaches infinity to arrive at
n

A= lim > [f(y]) — g(yi)|Ay

N—DC

i=1

2

which is nothing more than a definite integral, so

A= [ - gl dy



Regardless of the form of the functions, we basically use the same formula.

Volume

In this section we will learn how to find the volume of a shape. The procedure is very
similar to calculating the Area. The basic procedure is:

Partition the shape in
Calculate basal area of every partition

Multiply by height of the partition

e Sum up all the volumes

So, given a function f(x) that gives us the basal area at a given height x, we can write it up
as follows:

n
> flzi)Azx
i=1 Now limit it to infinity:

lim Y f(x;)Ax
i=1

n—0C

b

This is a Riemann's Sum, so we can rewrite it as:

Examples
Calculate the volume of a square pyramid of base b and height /.

The basal shape is a square, and depends on the height x at which it is taken. For

2
b2
f(z) = i
simplicity, we will consider an inverted pyramid, so that ' . We
integrate in the proper range (0 to h):

b \? b\ rh MR B-R
_— d..-'z - f ,_.-2 d,_,.z — _ —
L (hT) v (h) 0 Toar (h) 3 3

Volume of solids of revolution

Revolution solids

A solid is said to be of revolution when it is formed by rotating a given curve against an
axis. For example, rotating a circle positioned at (0,0) against the y-axis would create a
revolution solid, namely, a sphere.



Calculating the volume

Calculating the volume of this kind of solid is very similar to calculating any volume: we
calculate the basal area, and then we integrate through the height of the volume.

Say we want to calculate the volume of the shape formed rotating over the x-axis the area

contained between the curves f{x) and g(x) in the range [a,b]. First calculate the basal
area:

| flx) — ng(x)” |

And then integrate in the range [a,b]:

b b
l |?Tf(33)2 = wg(:x:)zhi:}: =T ; |f(*r)2 _ Q(Tﬁ dr

Alternatively, if we want to rotate in the y-axis instead, ' and g must be invertible in the
range [a,b], and, following the same logic as before:

e 1 2 1 2
m] (@) —g () |de

Arc length

Suppose that we are given a function fand we want to calculate the length of the curve
drawn out by the graph of /. If the graph were a straight line this would be easy — the
formula for the length of the line is given by Pythagoras' theorem. And if the graph were
a polygon we can calculate the length by adding up the length of each piece.

The problem is that most graphs are not polygons. Nevertheless we can estimate the
length of the curve by approximating it with straight lines. Suppose the curve C is given
by the formula y=f{x) for & < x < b, We divide the interval [a,b] into n subintervals
with equal width Ax and endpoints £0; L1y - - - 3 Tn Now let y; = f{x;) so P; = (x;,;) is
the point on the curve above x;. The length of the straight line between P; and P; . ; is

|P-£P-x+1| = \/(y-x+1 - y-i)g | (-’131+1 - -Tue)g-

So an estimate of the length of the curve C is the sum

n—1
> |PiPi|

=0




As we divide the interval /a,b] into more pieces this gives a better estimate for the length
of C. In fact we make that a definition.

Definition (Length of a Curve)

The length of the curve y=f(x) for@ = T < bis defined to be
L= lim Z |Pi1 Py

i=()

The Arclength Formula

Suppose that /" is continuous on /a,b/. Then the length of the curve given by y = f(x)
between a and b is given by

L= [ Vr ()

And in Leibniz notation

L= fb ll(dT)dT

Proof: Consider y; + | — y; = fix; + 1) — fix;). By the Mean Value Theorem there is a point z;
in (x; + 1,x;) such that

Yirr — Yi = f(xipq) — f(2) = ff(:f?i)(m'Hl —z;)

So

|pr+1| Yir1 — J—x 2 (-’131+1 - -’1115)2

v
- S @1 — 22 + (@iss — )
VOt (PG (@i - 22
-+ (F@))As

Putting this into the definiton of the length of C gives



_hmZ\/u (f'(2:))2)Axz.

i=l)
Now this is the definition of the integral of the function

) = \/ 1 "(x))? : : :
g( ) | f ( )) between a and b (notice that g is continuous because we are
assuming that /' is continuous). Hence

L= [T (7@

as claimed.

Arclength of a parametric curve

For a parametric curve, that is, a curve defined by x = f{¢) and y = g(¢), the formula is
slightly different:

L= [ JT0?+ @@y

Proof: The proof is analogous to the previous one: Consider y;+ —y; = g(t;+1) — g(¢;) and
Xi+1—x;=f(ti+1) — f(t;). By the Mean Value Theorem there are points ¢; and d; in (¢ + 1,1;)
such that

Yir1 — Yi = g{ti1) — g(ts) = f}‘;(ﬂ:)( i+1 — ti)and
Tiy1 — i = [(tiyr) — f(t:) = fdi)(ti1 — ta),

So

|P£P£+1| Yiv1 — (5-'3:'+1 - 33:')2

(
(9'(€i))H(Tiva — t:)* + (f'(di))* (i1 — :)?
(f(
(

V

=y(g(

¢f@ﬂ| (9'(c:)2)(tig1 — t:)?
=((d)? + (¢/(c:))2At.

Putting this into the definiton of the length of the curve gives

n—1

=l



This is equivalent to:

L= [F@rT @)y

Surface area

Suppose we are given a function fand we want to calculate the surface area of the
function frotated around a given line. The calculation of surface area of revolution is
related to the arc length calculation.

If the function f'is a straight line, other methods such as surface area formulas for
cylinders and conical frustra can be used. However, if fis not linear, an integration
technique must be used.
Recall the formula for the lateral surface area of a conical frustrum:

A= 2mrl

where r is the average radius and / is the slant height of the frustrum.

For y=f(x) and @ <z < '5, we divide /a,b] into subintervals with equal width Ax and
endpoints £0; L1; - - - ; Tn, We map each point ¥i = f [:'T'i)to a conical frustrum of
width Ax and lateral surface area <3i.

We can estimate the surface area of revolution with the sum
n
.c'"l == Z _("1.;'
1=}

As we divide [a,b] into smaller and smaller pieces, the estimate gives a better value for
the surface area.

Definition (Surface of Revolution)

The surface area of revolution of the curve y=f(x) about a line for & < x < bis defined
to be

A - nli_l:[él,c Z 1"11'

i=l)

The Surface Area Formula



Suppose f'is a continuous function on the interval /a,b/ and r(x) represents the distance
from f{x) to the axis of rotation. Then the lateral surface area of revolution about a line is
given by

A= 2:'1']!)?*(:1:)\/1 F(f'(x))%dx

i

And in Leibniz notation

A—Qﬂ'fbr(*r) 14 dy ?dT
B i - dx -

Proof:

— lim ZA

'J’?—":C

— lim ZZ:'T? A

N—D0

=27 lim Z? 1

N—D0

i=1

As 2 — 00and Ax — ), we know two things:
1. the average radius of each conical frustrum r; approaches a single value
2. the slant height of each conical frustrum /; equals an infitesmal segment of arc length

From the arc length formula discussed in the previous section, we know that

— Y1+ (')

Therefore

A=2m lim Z?E

N—D0

=2 lim Z Jl F(f ()2 Ax




n

f f(z)de = lim 3 f(c;)Az;

—

Because of the definition of an integral * i=1 , We can
simplify the sigma operation to an integral.

A= wa:*r(g:)\/l F(f'(x))%dx

Or if fis in terms of y on the interval /c,d]

A= [“rw)TF () Py
Work

def—fmadf—fm d’r—mf—dv—mfvdv=%mvg=&ﬁk



Infinite Series

Series

An arithmetic series is the sum of a sequence of terms with a common difference. A
geometric series is the sum of terms with a common ratio. For example, an interesting
series which appears in many practical problems in science, engineering, and
mathematics is the geometric series r + r* + r’ + r* + ... where the ... indicates that the
series continues indefinitely. A common way to study a particular series (following
Cauchy) is to define a sequence consisting of the sum of the first n terms. For example, to
study the geometric series we can consider the sequence which adds together the first n
terms:

Sar) => "1
i-1

Generally by studying the sequence of partial sums we can understand the behavior of the
entire infinite series.

Two of the most important questions about a series are

e Does it converge?
e Ifso, what does it converge to?

For example, it is fairly easy to see that for r > 1, the geometric series Sp(r) will not
converge to a finite number (i.e., it will diverge to infinity). To see this, note that each
time we increase the number of terms in the series, Sn(r) increases by r" "', since r" ' > 1
for all r > 1 (as we defined), Sp(r) must increase by a number greater than one every term.
When increasing the sum by more than one for every term, it will diverge.

Perhaps a more surprising and interesting fact is that for | r | < 1, Sp(r) will converge to a
finite value. Specifically, it is possible to show that

?1-

lim S, (r)

n—aoc 1
Indeed, consider the quantity

(1=7)Su(r)=(1=7) Y r"=> " =Y ¢t =5 —p"H!
i=1 i=1

=2



. n+1 . 1 — 1 & . -
Since 7" — Qasn — OCfor | r | < 1, this shows that (l ?)*51?(?) — Tas
. — X0, The quantity 1 - r is non-zero and doesn't depend on n so we can divide by it
and arrive at the formula we want.

We'd like to be able to draw similar conclusions about any series.

Unfortunately, there is no simple way to sum a series. The most we will be able to do in
most cases is determine if it converges. The geometric and the telescoping series are the
only types of series in which we can easily find the sum of.

Convergence

It is obvious that for a series to converge, the a, must tend to zero (because sum of any
infinite terms is infinity, except when the sequence approaches 0), but even if the limit of
the sequence is 0, is not sufficient to say it converges.

Consider the harmonic series, the sum of 1/n, and group terms
2!" l o l l 2“ l
Z1 n | T | 8 | Tt | Zl—i—?"_i P

4+
I |

Lyl
3 ' 4

T ke
o =
—+ =

| ngQ-n—l

(m terms)

Voo
b bd ]t —
M“_d"'ll';
|\;||»—~3':’|'_l
]| =

As m tends to infinity, so does this final sum, hence the series diverges.

We can also deduce something about how quickly it diverges. Using the same grouping
of terms, we can get an upper limit on the sum of the first so many terms, the partial
sums.

m i |
1 < —<14m
|2_¥n_|

or

|
1 Ty 171

'Hi'-l
< — < 1+Insm
m _gn_ 2

and the partial sums increase like log m, very slowly.

Notice that to discover this, we compared the terms of the harmonic series with a series
we knew diverged.

This is a convergence test (also known as the direct comparison test) we can apply to any
pair of series.



e If b, converges and |an|<|b,| then a, converges.
e If by diverges and |an[>|by| then a, diverges.

There are many such tests, the most important of which we'll describe in this chapter.

Absolute convergence

20
Z|Hﬂ|

Tcléeorem: If the series of absolute values, n=1 , converges, then so does the series
D an

n=1

We say such a series converges absolutely.

Proof:

Lete>0

According to the Cauchy criterion for series convergence, exists N so that for all N <m,n:

m

> la] < e
k=n

We know that:

" "

1D <) |aul

k=n k=n

And then we get:

" ™

| D] <) Jan| <e

k=n k=n

Now we get:

™m

| D ak| <e
hk=n

Which is exactly the Cauchy criterion for series convergence.

Q.E.D



The converse does not hold. The series 1-1/2+1/3-1/4 ... converges, even though the
series of its absolute values diverges.

A series like this that converges, but not absolutely, is said to converge conditionally.

If a series converges absolutely, we can add terms in any order we like. The limit will
still be the same.

If a series converges conditionally, rearranging the terms changes the limit. In fact, we
can make the series converge to any limit we like by choosing a suitable rearrangement.

E.g, in the series 1-1/2+1/3-1/4 ..., we can add only positive terms until the partial sum
exceeds 100, subtract 1/2, add only positive terms until the partial sum exceeds 100,
subtract 1/4, and so on, getting a sequence with the same terms that converges to 100.
This makes absolutely convergent series easier to work with. Thus, all but one of
convergence tests in this chapter will be for series all of whose terms are positive, which

must be absolutely convergent or divergent series. Other series will be studied by
considering the corresponding series of absolute values.

Ratio test

For a series with terms a,, all positive, if

. fln+1
lim

n—a (1,
then
o the series converges if r<1l

o the series diverges if r>1
o the series could do either if r=1, the test is not conclusive in this case.

E.g, suppose
n'n!
= 2n)l
then
Gni1 (n+1)2 n+ 1 1

@,  (2n+1)(2n+2) dnt2 4

so this series converges.



Integral test

If f(x) is a monotonically decreasing, always positive function, then the series

converges if and only if the integral

flx f(x)dz

converges.
E.g, consider f(x)=1/xP, for a fixed p.

e If p=1 this is the harmonic series, which diverges.
e If p<l each term is larger than the harmonic series, so it diverges.
e Ifp>1then

o — * g
fl rPdr = limg .~ fl rPdx

. 1
lim S0 (p—1)aP—1

8

1

ok 1 1 _ 1
_— llms—r:x: (p—l {p_l']l‘jp—i) F

The integral converges, for p>1, so the series converges.

We can prove this test works by writing the integral as

flm flzx)dx = 2 f:ﬂ flz)dz

and comparing each of the integrals with rectangles, giving the inequalities

fy> [ f@yde > fn ot 1)

Applying these to the sum then shows convergence.
Limit Comparison

e Ifb, converges, and the limit



. iy
lim —
n—oo b

exists and is not zero, then a, converges

e Ifc, diverges, and

| |

Cn
then a, diverges

=)

lim
Example:

For large n, the terms of this series are similar to, but smaller than, those of the harmonic
series. We compare the limits.

|an| n

Cn T Thn

so this series diverges.
Alternating series
If the signs of the a, alternate,
an = (—1)"ay|
then we call this an alternating series. The series sum converges provided that

-nli—l:lclac n = Uand|ﬂ‘ﬂ+l| < |a*n|.

The error in a partial sum of an alternating series is smaller than the first omitted term.

m

o
Zﬁ‘n - Zﬂ*n < |f1m+1|
n=1 n=1

Geometric series

The geometric series can take either of the following forms



oo o

Z ar” Z ar™ 1

n=l) or n=1

As you have seen at the start, the sum of the geometric series is

Sn = - for [r[ <1

Telescoping series

-

Z(bn - b-n+1)

n=l}

Expanding (or "telescoping") this type of series is informative. If we expand this series,
we get:

I

> (ba — bus1) = (b — b1) + (b1 — b)) + .. + (bp1 — by

n=l)
Additive cancellation leaves:

&

> (b — buta) = by — b

n=l)
Thus,

oo k
> (b — bay1) = Jim > (by —buy1) = lim (b — b)) = by — lim by
n=>0 =0 e e

and all that remains is to evaluate the limit.

There are other tests that can be used, but these tests are sufficient for all commonly
encountered series.

Taylor Series



sin(x) and Taylor approximations, polynomials of degree 1, 3,5, 7, 9, 11 and

The Taylor series of an infinitely often differentiable real (or complex) function f
defined on an open interval (a-r, a+r) is the power series

i (n) i1
> 8 g
n=0 It

Here, n! is the factorial of n and f ™(a) denotes the nth derivative of f at the point a. If
this series converges for every X in the interval (a-r, a+r) and the sum is equal to f(x),
then the function f(X) is called analytic. To check whether the series converges towards
f(x), one normally uses estimates for the remainder term of Taylor's theorem. A function
is analytic if and only if a power series converges to the function; the coefficients in that
power series are then necessarily the ones given in the above Taylor series formula.

If a = 0, the series is also called a Maclaurin series.



The importance of such a power series representation is threefold. First, differentiation
and integration of power series can be performed term by term and is hence particularly
easy. Second, an analytic function can be uniquely extended to a holomorphic function
defined on an open disk in the complex plane, which makes the whole machinery of
complex analysis available. Third, the (truncated) series can be used to approximate
values of the function near the point of expansion.

—33 —2 -1 0 1 2 3

he function e

is not analytic: the Taylor series is 0, although the function is not.

Note that there are examples of infinitely often differentiable functions f(X) whose Taylor
series converge, but are not equal to f(x). For instance, for the function defined piecewise
by saying that f(X) = exp(—1/x?) if X # 0 and f(0) = 0, all the derivatives are zero at X =0,
so the Taylor series of f(X) is zero, and its radius of convergence is infinite, even though
the function most definitely is not zero. This particular pathology does not afflict
complex-valued functions of a complex variable. Notice that exp(—1/z%) does not
approach 0 as z approaches 0 along the imaginary axis.

Some functions cannot be written as Taylor series because they have a singularity; in
these cases, one can often still achieve a series expansion if one allows also negative
powers of the variable X; see Laurent series. For example, f(X) = exp(—1/x?) can be written
as a Laurent series.



The Parker-Sockacki theorem is a recent advance in finding Taylor series which are
solutions to differential equations. This theorem is an expansion on the Picard iteration.

List of Taylor series

Several important Taylor series expansions follow. All these expansions are also valid for
complex arguments X.

Exponential function and natural logarithm:

er = ﬂzﬂ% for all =
}ﬂ-+1
In(1+2z)= Z ——a"  for |z[ <1

Geometric series:

Binomial series:

(14 2)* =) Cla,n)2™ foral |z <1 and all complex a
n=>0

Trigonometric functions:

sinT = Z ixzﬂﬂ for all =

. 2n+1)!
cosT = ﬂg} ((23’ x**  forall x
tanx = g an(—‘(i?);(ﬁ — 4ﬂ):1:2“_1 for |z] < g
secr = g%xh for |z| < g
!
arcsinr = Z 4“(?1'52?2)?14— 1) 2t for |z < 1
arctanz = —1)" ¥t for |z < 1

—2n+1



Hyperbolic functions:

sinhxr = éﬁxhﬂ for all
coshx = Z (2:1} 2" for all x

By dn(4n — 1) , -
tanhx = n f <
anhx = T; 2n)] T or || 5

R N G L 0200 L
sinh™'x = Z4ﬂ n’} (2ﬂ+1)

ta,nhlzt:—z2 7 "t for |z < 1
n

for |z| <1

Lambert's W function:

= oy 1
Wa( Z ———a"  for |z]| < -

The numbers By appearing in the expansions of tan(X) and tanh(x) are the Bernoulli
numbers. The C(a,n) in the binomial expansion are the binomial coefficients. The Ey in
the expansion of sec(X) are Euler numbers.

Multiple dimensions

The Taylor series may be generalized to functions of more than one variable with

aﬂl aﬂ';j f(a']_!”'!ﬂ'd)

> o0
Te — 11 ﬂ""$—ﬂ. g
n,Zzn ﬂéﬂ&tn. 3:12'”‘“ ﬂlt"'ﬂd! ( 1 1} {d d}
History

The Taylor series is named for mathematician Brook Taylor, who first published the
power series formula in 1715.

Constructing a Taylor Series

Several methods exist for the calculation of Taylor series of a large number of functions.
One can attempt to use the Taylor series as-is and generalize the form of the coefficients,
or one can use manipulations such as substitution, multiplication or division, addition or
subtraction of standard Taylor series (such as those above) to construct the Taylor series
of a function, by virtue of Taylor series being power series. In some cases, one can also
derive the Taylor series by repeatedly applying integration by parts. The use of computer



algebra systems to calculate Taylor series is common, since it eliminates tedious

substitution and manipulation.
Example 1

Consider the function

flz) =In(1 + cosx),

for which we want a Taylor series at 0.

We have for the natural logarithm

o0 )ﬂ.+1

In(1+x) :Z

and for the cosine function

— - (_1)71 n
CDEI—; (Qn}fi:

2 1
=$—%—|———II+"' for |x] <1
2

:1_E+E—--- for all x € C.

We can simply substitute the second series into the first. Doing so gives

{ $2+$4 11 :1:2+
21 41 2 21

xt 2
E_... _|_

Expanding by using multinomial coefficients gives the required Taylor series. Note that
cosine and therefore f are even functions, meaning that f(x) = f( — X), hence the

coefficients of the odd powers X, X3, x°, x’ and so on have to be zero and don't need to be
calculated. The first few terms of the series are

In(1+cosz)=mIn2—- — — — —

96

G

xr

1728 3110

1440

3292560 7257600

The general coefficient can be represented using Faa di Bruno's formula. However, this
representation does not seem to be particularly illuminating and is therefore omitted here.

Example 2

Suppose we want the Taylor series at 0 of the function




We have for the exponential function

faa] " $2 $3 I4
I'T: —:1 R R R -
C=2 pTltrighg gt

and, as in the first example,

2 1

=

cosr =1 — _
4!

[3

2

Assume the power series is

E,E

2 3
=+ T+ " + 3T + -

COsSXE

Then multiplication with the denominator and substitution of the series of the cosine
yields

e* = (co+ 17 + 2 + c32® 4 - - - ) cosz

$2 $4
= (co + 1z + 0a® + 3z’ + gz + ) (1_§+3_”')
C G C C C C C C
=cy — Eﬁxﬂ- 4—0,:::4 +eox— 51;1:3+4—1,x5+c2x2 — %x‘* +4—2r$5+03$3— Ee’x5+ 4—3,’;1:7

Collecting the terms up to fourth order yields

C C C C
“avart(a-3) (4= )7 (ar B -g) oo

Comparing coefficients with the above series of the exponential function yields the
desired Taylor series

e’ , 2z%
=l4z+a’+ -4+ .-
COST 3 2

Power Series

The study of power series is aimed at investigating series which can approximate some
function over a certain interval.

Motivations



Elementary calculus (differentiation) is used to obtain information on a line which
touches a curve at one point (i.e. a tangent). This is done by calculating the gradient, or
slope of the curve, at a single point. However, this does not provide us with reliable
information on the curve's actual value at given points in a wider interval. This is where
the concept of power series becomes useful.

An example
Consider the curve of y = cos(X), about the point X = 0. A naive approximation would be
the line y = 1. However, for a more accurate approximation, observe that cos(x) looks like

an inverted parabola around X = 0 - therefore, we might think about which parabola could
approximate the shape of cos(X) near this point. This curve might well come to mind:

- 2
1 —

'!‘ e
4 2

In fact, this is the best estimate for cos(X) which uses polynomials of degree 2 (i.e. a

highest term of X*) - but how do we know this is true? This is the study of power series:
finding optimal approximations to functions using polynomials.

Definition
A power series is a series of the form
0 1 n
X" +aiX + ...+ aX

or, equivalently,

n
Zﬂjﬂj

=0
Radius of convergence

When using a power series as an alternative method of calculating a function's value, the
equation

f@) =Y g
=0

can only be used to study f(X) where the power series converges - this may happen for a
finite range, or for all real numbers.



The size of the interval (around its center) in which the power series converges to the
function is known as the radius of convergence.

An example

1

1—=x

o0
=y
n=0 (a geometric series)
this converges when | X | < 1, the range -1 <X < +1, so the radius of convergence -

centered at O - is 1. It should also be observed that at the extremities of the radius, that is
where X =1 and x = -1, the power series does not converge.

Another example

one:

T{-n+1:| n!

lim |[————| < 1
n—ac|(n + 1)l zn

. "zt nl _
lim [—————| <1
n—a|pnl(n+ 1) z"

lim _ ‘ <1
Orﬂ—'ﬂc T

which is always true - therefore, this power series has an infinite radius of convergence.
In effect, this means that the power series can always be used as a valid alternative to the
original function, €”.

Abstraction

If we use the ratio test on an arbitrary power series, we find it converges when

lim —| Ant1%
|an |

and diverges when



lim

[
The radius of convergence is therefore

||

r = lim
|a‘n+l|

If this limit diverges to infinity, the series has an infinite radius of convergence.

Differentiation and Integration

Within its radius of convergence, a power series can be differentiated and integrated term
by term.

LS e =3 (4 D’
:JI)C 0 j= I[]I

a;dz = 41
>4 Z

=0 i |

Both the differential and the integral have the same radius of convergence as the original
series.

This allows us to sum exactly suitable power series. For example,

1+ =x

This is a geometric series, which converges for | X | < 1. Integrating both sides, we get

In(l+z)=2—

which will also converge for | X | < 1. When X = -1 this is the harmonic series, which
diverges'; when x = 1 this is an alternating series with diminishing terms, which
converges to In 2 - this is testing the extremities.

It also lets us write power series for integrals we cannot do exactly such as the error
function:

=3




The left hand side can not be integrated exactly, but the right hand side can be.
=z a -1 )'n zi-n +1
gy =Y (
L (2n + 1)n!

This gives us a power series for the sum, which has an infinite radius of convergence,
letting us approximate the integral as closely as we like.



Multivariable & Differential Calculus

Two-Dimensional Vectors

Introduction

In most mathematics courses up until this point, we deal with scalars. These are
quantities which only need one number to express. For instance, the amount of gasoline
used to drive to the grocery store is a scalar quantity because it only needs one number: 2
gallons.

In this unit, we deal with vectors. A vector is a directed line segment -- that is, a line
segment that points one direction or the other. As such, it has an initial point and a
terminal point. The vector starts at the initial point and ends at the terminal point, and
the vector points towards the terminal point. A vector is drawn as a line segment with an
arrow at the terminal point:



The same vector can be placed anywhere on the coordinate plane and still be the same
vector -- the only two bits of information a vector represents are the magnitude and the
direction. The magnitude is simply the length of the vector, and the direction is the angle
at which it points. Since neither of these specify a starting or ending location, the same
vector can be placed anywhere. To illustrate, all of the line segments below can be

defined as the vector with magnitude 4 \/iand angle 45 degrees:



2 4 6 8

It is customary, however, to place the vector with the initial point at the origin as
indicated by the black vector. This is called the standard position.

Component Form

In standard practice, we don't express vectors by listing the length and the direction. We
instead use component form, which lists the height (rise) and width (run) of the vectors.

It is written as follows:
rinmn
rise



Uy

From the diagram we can now see the benefits of the standard position: the two numbers
for the terminal point's coordinates are the same numbers for the vector's rise and run.
Note that we named this vector u. Just as you can assign numbers to variables in algebra
(usually x, y, and z), you can assign vectors to variables in calculus. The letters u, v, and
w are usually used, and either boldface or an arrow over the letter is used to identify it as
a vector.

When expressing a vector in component form, it is no longer obvious what the magnitude

and direction are. Therefore, we have to perform some calculations to find the magnitude
and direction.

Magnitude



2
T

lu| =y /ul + ul

where u, is the width, or run, of the vector; u, is the height, or rise, of the vector. You
should recognize this formula as the Pythagorean theorem. It is -- the magnitude is the
distance between the initial point and the terminal point.

The magnitude of a vector can also be called the norm.

Direction

Uy

tanfl = —
Uy




where 0 is the direction of the vector. This formula is simply the tangent formula for right
triangles.

Vector Operations

For these definitions, assume:
1m = um — ?-J:hl
Uy Uy

Vector Addition

Graphically, adding two vectors together places one vector at the end of the other. This is
called tip-to-tail addition: The resultant vector, or solution, is the vector drawn from the
initial point of the first vector to the terminal point of the second vector when they are
drawn tip-to-tail:



Numerically:

Scalar Multiplication

Graphically, multiplying a vector by a scalar changes only the magnitude of the vector by
that same scalar. That is, multiplying a vector by 2 will "stretch" the vector to twice its
original magnitude, keeping the direction the same.



*u

-()-()

Numerically, you calculate the resultant vector with this formula:

Clly,
il =
Clly , where c is a constant scalar.

As previously stated, the magnitude is changed by the same constant:
jcul = c|ul

Since multiplying a vector by a constant results in a vector in the same direction, we can
reason that two vectors are parallel if one is a constant multiple of the other -- that is, that

“| |Vif 11 = CVfor some constant c.



We can also divide by a non-zero scalar by instead multiplying by the reciprocal, as with
dividing regular numbers:

u
t)'a

1
: =EU,C%U

Dot Product

The dot product, sometimes confusingly called the scalar product, of two vectors is given
by:

U -V = Uty + U,
or which is equivalent to:
u-v = |u||v|cosd

where 0 is the angle difference between the two vectors. This provides a convenient way
of finding the angle between two vectors:

cosfH = oV
luf|v]

Applications of Scalar Multiplication and Dot Product

Unit Vectors

A unit vector is a vector with a magnitude of 1. The unit vector of u is a vector in the
same direction as 11, but with a magnitude of 1:



The process of finding the unit vector of u is called normalization. As mentioned in
scalar multiplication, multiplying a vector by constant C will result in the magnitude
being multiplied by C. We know how to calculate the magnitude of 11. We know that
dividing a vector by a constant will divide the magnitude by that constant. Therefore, if
that constant is the magnitude, dividing the vector by the magnitude will result in a unit
vector in the same direction as 1L

u
W

| “| , where Wis the unit vector of 11
Standard Unit Vectors

A special case of Unit Vectors are the Standard Unit Vectors 1 and j: 1 points one unit
directly right in the x direction, and j points one unit directly up in the y direction:



Using the scalar multiplication and vector addition rules, we can then express vectors in a

different way:
) = i Fyj
y) = F Yl

If we work that equation out, it makes sense. Multiplying x by i will result in the vector
0 . Multiplying y by j will result in the vector ¥/ Adding these two together will
X

give us our original vector, y). Expressing vectors using i and j is called standard
form.

Projection and Decomposition of Vectors

Sometimes it is necessary to decompose a vector 1into two components: one component
parallel to a vector ¥, which we will call W and one component perpendicular to it, WL,



Since the length of Wiis (| “| - COS IIj'|), it is straightforward to write down the formulas
for Wiand Wi :

_llﬁc(u.‘r)ﬂkv:ll'\-' VQV
I‘l||_| | (|ll||"u"|) |\-"| ( )/(l |)

and
umw =u— I_1||
Length of a vector
The length of a vector is given by the dot product of a vector with itself, and 6 = Odeg:
u-u= |u||u|cosf = |ul?

Perpendicular vectors

T

If the angle 0 between two vectors is 90 degrees or 2(if the two vectors are orthogonal to
each other), that is the vectors are perpendicular, then the dot product is 0. This provides



1m =
us with an easy way to find a perpendicular vector: if you have a vector Uy ,a
perpendicular vector can easily be found by either

Polar coordinates

Polar coordinates are an alternative two-dimensional coordinate system, which is often
useful when rotations are important. Instead of specifying the position along the x and y
axes, we specify the distance from the origin, r, and the direction, an angle 6.

. ~

Looking at this diagram, we can see that the values of x and y are related to those of » and
0 by the equations
r=rcosll r=/2°+ 1?

y = rsinf tanf = £

Because tan” is multivalued, care must be taken to select the right value.

Just as for Cartesian coordinates the unit vectors that point in the x and y directions are
special, so in polar coordinates the unit vectors that point in the » and 6 directions are also
special.



We will call these vectors T'and @, pronounced r-hat and theta-hat. Putting a circumflex
over a vector this way is often used to mean the unit vector in that direction.

Again, on looking at the diagram we see,
i=rcosfl —@sinfl T =Ti+ 1]
- -

j=1tsind+0cosd 6 =—LiiZj

T

Three-Dimensional Coordinates and Vectors
Basic definition

Two-dimensional Cartesian coordinates as we've discussed so far can be easily extended
to three-dimensions by adding one more value: 'Z'. If the standard (x,y) coordinate axes
are drawn on a sheet of paper, the 'z' axis would extend upwards off of the paper.

Similar to the two coordinate axes in two-dimensional coordinates, there are three
coordinate planes in space. These are the xXy-plane, the yz-plane, and the xz-plane.
Each plane is the "sheet of paper" that contains both axes the name mentions. For
instance, the yz-plane contains both the y and z axes and is perpendicular to the x axis.



A+
_'_I.--"' |
-
= | s
-
=T
"
=T
-1 ;
L o
:_.-'"'- -
1
i P | -
-~ |
. "
g -1 -
- + 75
L= =
—~1
5 L =
s |
2 |~ -
- o | i~
| ~
1l i
' a""f -
S
e o I B
. "
Z - |
—~
e | -
- -
i P | -
- Lo
. "
" 1 o
- . g
e | -
=1 *
= A

Therefore, vectors can be extended to three dimensions by simply adding the 'z' value.

=
|
o B

To facilitate standard form notation, we add another standard unit vector:

Again, both forms (component and standard) are equivalent.
1
2| = 1i+ 2§+ 3k
3

Magnitude: Magnitude in three dimensions is the same as in two dimensions, with the
addition of a 'z' term in the radicand.



u| = 4 /u? +ud + u?
T T z

Three dimensions

The polar coordinate system is extended into three dimensions with two different
coordinate systems, the cylindrical and spherical coordinate systems, both of which
include two-dimensional or planar polar coordinates as a subset. In essence, the
cylindrical coordinate system extends polar coordinates by adding an additional distance
coordinate, while the spherical system instead adds an additional angular coordinate.

Cylindrical coordinates

A

Z




a point plotted with cylindrical coordinates

The cylindrical coordinate system is a coordinate system that essentially extends the two-
dimensional polar coordinate system by adding a third coordinate measuring the height of
a point above the plane, similar to the way in which the Cartesian coordinate system is
extended into three dimensions. The third coordinate is usually denoted /, making the
three cylindrical coordinates (r, 0, A).

The three cylindrical coordinates can be converted to Cartesian coordinates by

T =71 cosf
Yy =71 sint
z = h.

Spherical coordinates

\Z

&

X

A point plotted using spherical coordinates

Polar coordinates can also be extended into three dimensions using the coordinates (p, o,
0), where p is the distance from the origin, ¢ is the angle from the z-axis (called the
colatitude or zenith and measured from 0 to 180°) and 0 is the angle from the x-axis (as in
the polar coordinates). This coordinate system, called the spherical coordinate system, is
similar to the latitude and longitude system used for Earth, with the origin in the centre of
Earth, the latitude 6 being the complement of ¢, determined by 6 = 90° — ¢, and the
longitude / being measured by /=6 — 180°.



The three spherical coordinates are converted to Cartesian coordinates by
T = psing cosf
Yy = p sin¢ sin #

Z = p Ccoso.

}.,=sz Fy? 22

Y
f = arctan —,
T
. Z
(¢ = arccos —,
»

Cross Product

The cross product of two vectors is a determinant:

i j k
UX V= U U U
?-'I:i'.' ?-'I?,f ?-'IE

and is also a pseudovector.
The cross product of two vectors is orthogonal to both vectors. The magnitude of the
cross product is the product of the magnitude of the vectors and the sin of the angle
between them.
lu x v| = |u||v|sinf
This magnitude is the area of the parallelogram defined by the two vectors.
The cross product is linear and anticommutative. For any numbers a and b,
uxf{av+bw)=auxvi+buxw uxv=-vxu

If both vectors point in the same direction, their cross product is zero.

Triple Products
If we have three vectors we can combine them in two ways, a triple scalar product,

u-(vxw)



and a triple vector product
ux(vxw)
The triple scalar product is a determinant

Up Uy U
u-(vxw)=|v, v, U
Wy Wy W,

If the three vectors are listed clockwise, looking from the origin, the sign of this product
is positive. If they are listed anticlockwise the sign is negative.

The order of the cross and dot products doesn't matter.
u-(vxw)=(uxv) w

Either way, the absolute value of this product is the volume of the parallelepiped defined
by the three vectors, u, v, and w

The triple vector product can be simplified
ux (vxw)={(u-wjv—(u-v)w
This form is easier to do calculations with.
The triple vector product is not associative.
ux{(vxw)#£{(uxv)xw

There are special cases where the two sides are equal, but in general the brackets matter.
They must not be omitted.

Three-Dimensional Lines and Planes
We will use r to denote the position of a point.

The multiples of a vector, a all lie on a line through the origin. Adding a constant vector
b will shift the line, but leave it straight, so the equation of a line is,

r=as+Db

This is a parametric equation. The position is specified in terms of the parameter s.



Any linear combination of two vectors, a and b lies on a single plane through the origin,
provided the two vectors are not colinear. We can shift this plane by a constant vector
again and write

r=as-+ bt +c

If we choose a and b to be orthonormal vectors in the plane (i.e unit vectors at right
angles) then s and ¢ are Cartesian coordinates for points in the plane.

These parametric equations can be extended to higher dimensions.

Instead of giving parametric equations for the line and plane, we could use constraints.
E.g, for any point in the xy plane z=0

For a plane through the origin, the single vector normal to the plane, n, is at right angle
with every vector in the plane, by definition, so

r-n=_J(
is a plane through the origin, normal to n.
For planes not through the origin we get
(r—a) n=0 r-n=a

A line lies on the intersection of two planes, so it must obey the constraint for both
planes, i.e

rr-n=a r-m==5s

These constraint equations can also be extended to higher dimensions.

Vector-Valued Functions

Vector-Valued Functions are functions that instead of giving a resultant scalar value, give
a resultant vector value. These aid in the create of direction and vector fields, and are
therefore used in physics to aid with visualizations of electric, magnetic, and many other
fields. They are of the following form:



ax(t))
(32(1?)
ag(t)

\2x(t)/
Limits, Derivatives, and Integrals

Put simply, the limit of a vector-valued function is the limit of its parts.

Proof:
far)
az
lim F(t) = L = 43
Suppose Kaﬂ}

Therefore for any € > 0 there is a ¢ > 0 such that
O<|t—cl<¢ = |F(t)—L| <¢

But by the triangle inequality
| < |F| < las| + [az| + ag| + ... + anlas(t) — a1| < [F(2) — L

So
OD<|t—cl <¢ = |a(t) —a1]| <€

limay(t)=a; . .
Therefore t—«c A similar argument can be used through parts a_n(t)



(21

da
limF(t) =L = | %
t—
Now let ka“} again, and that for any £>0 there is a corresponding
¢>0 such 0<|t-c|<p implies
an(t) = an| <
Apil) — Oy n
Then
O<lt—c<é — [F(t)—L| <L . 42
—c @ —hs ottt = €
therefore:
(al\‘ (limﬁ_.r_ ap(t))
as lim; .. as(t)
lim F(t)— L — ag | _ | limy.. as(t)
—+C .

\an/  \lim,_.. an(t),

From this we can then create an accurate definition of a derivative of a vector-valued
function:

[a1(t)
Frn)—F() | at)
F;(t) - J'liiEI:[l]I h - ’

\au(t)/



a;(t + h)\ a;(t))
( 2(t + h) (a (t)
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. \ an(t h)) \an(t)/
fr—i)
( limy, g

limy, .

ay(t+h)— ﬂﬂfj\
i

ngl{f+h-,:|t aa (1)

i

. agl(t+h)—ag(f

limy, g as(t+h)—as(t)

— h

B

P an (Fh)—an ()
\ limy, o 5= )

The final step was accomplished by taking what we just did with limits.

By the Fundamental Theorem of Calculus integrals can be applied to the vector's
components.

In other words: the limit of a vector function is the limit of its parts, the derivative of a

vector function is the derivative of its parts, and the integration of a vector function is the
integration of it parts.

Velocity, Acceleration, Curvature, and a brief mention of the Binormal

Assume we have a vector-valued function which starts at the origin and as its
independent variables changes the points that the vectors point at trace a path.

We will call this vector r(t), which is commonly known as the position vector.

If I'then represents a position and t represents time, then in model with Physics we know
the following:

I‘(t | h‘) - I‘( t)is displacement. rf[:t) - V( t)where v (f‘)is the velocity vector.
V(1) [is the speed. T (t) = v'(t) = a(t)where @lt)is the acceleration vector.

The only other vector that comes in use at times is known as the curvature vector.



The vector T ( t)used to find it is known as the unit tangent vector, which is defined as

v(t)

|v(t) |or shorthand V.
T'(t)

The vector normal INto this then is |V(t) |

We can verify this by taking the dot product

T-N=10
ds
)l = =
Also note that V( )| dt
and
dr
v = dr
T(t)= — =4 — —
(t) lv| % ds
and
Nzrngzg
v(t)] % ds

Then we can actually verify:

Lerom) = L)
T%;n
T-N =0

Therefore Nis perpendicular to T’



dr
s
dT

What this gives rise to is the Unit Normal Vector | ds | of which the top-most vector is
(15

the Normal vector, but the bottom half ds 1s known as the curvature. Since the

Normal vector points toward the inside of a curve, the sharper a turn, the Normal vector

has a large magnitude, therefore the curvature has a small value, and is used as an index

in civil engineering to reflect the sharpness of a curve (clover-leaf highways, for

instance).

The only other thing not mentioned is the Binormal that occurs in 3-d curves
T x IN = B, which is useful in creating planes parallel to the curve. <
Calculus/Outline

In your previous study of calculus, we have looked at functions and their behavior. Most
of these functions we have examined have been all in the form

fix):R—> R,

and only occasional examination of functions of two variables. However, the study of
functions of several variables is quite rich in itself, and has applications in several fields.

We write functions of vectors - many variables - as follows:
f:R" > R"
and f(x) for the function that maps a vector in R™ to a vector in R".

Before we can do calculus in R", we must familiarize ourselves with the structure of R".
We need to know which properties of R can be extended to R"

: n
Topology in R
We are already familiar with the nature of the regular real number line, which is the set
R, and the two-dimensional plane, R”. This examination of fopology in R" attempts to
look at a generalization of the nature of n-dimensional spaces - R, or R*, or R™.

Lengths and distances

If we have a vector in R%, we can calculate its length using the Pythagorean theorem. For
instance, the length of the vector (2, 3) is

V32 422 — /13



We can generalize this to R". We define a vector's length, written ||, as the square root of
the sum of the squares of each of its components. That is, if we have a vector X=(x1,...,xn),

x| = \/o? + 23 + - + 22

Now that we have established some concept of length, we can establish the distance
between two vectors. We define this distance to be the length of the two vectors'
difference. We write this distance d(X, Yy), and it is

d(x,y) =[x —y| = \/z (@ — y:)?

This distance function is sometimes referred to as a metric. Other metrics arise in
different circumstances. The metric we have just defined is known as the Euclidean
metric.

Open and closed balls

In R, we have the concept of an inferval, in that we choose a certain number of other
points about some central point. For example, the interval [-1, 1] is centered about the
point 0, and includes points to the left and right of zero.

In R? and up, the idea is a little more difficult to carry on. For R?, we need to consider
points to the left, right, above, and below a certain point. This may be fine, but for R’ we
need to include points in more directions.

We generalize the idea of the interval by considering all the points that are a given, fixed
distance from a certain point - now we know how to calculate distances in R", we can
make our generalization as follows, by introducing the concept of an open ball and a
closed ball respectively, which are analogous to the open and closed interval respectively.

an open ball

B(a,r)

is a set in the form { X (] R"|d(x, a) <r}
an closed ball

B(a,r)

is a set in the form { X [] R"|d(X, a) <r}

In R, we have seen that the open ball is simply an open interval centered about the point
x=a. In R? this is a circle with no boundary, and in R? it is a sphere with no outer surface.
(What would the closed ball be?)

Boundary points



If we have some area, say a field, then the common sense notion of the boundary is the
points 'next to' both the inside and outside of the field. For a set, S, we can define this
rigorously by saying the boundary of the set contains all those points such that we can
find points both inside and outside the set. We call the set of such points 0S

Typically, when it exists the dimension of OS is one lower than the dimension of S. e.g,
the boundary of a volume is a surface and the boundary of a surface is a curve.

This isn't always true; but it is true of all the sets we will be using.
A set S is bounded if there is some positive number such that we can encompass this set

by a closed ball about 0. --> if every point in it is within a finite distance of the origin, i.e
there exists some >0 such that X is in S implies |X|<r.

Curves and parameterizations

If we have a function f : R — R", we say that f's image (the set {f(¢) |t 1) R} - or some
subset of R) is a curve in R" and f is its parametrization.

Parameterizations are not necessarily unique - for example, f(¢) = (cos ¢, sin ¢) such that ¢

1[0, 2m) is one parametrization of the unit circle, and g(¢) = (cos at, sin at) such that ¢ [']
[0, 2m/a) is a whole family of parameterizations of that circle.

Collision and intersection points
Say we have two different curves. It may be important to consider

e when the two curves cross each other - where they intersect
e when the two curves hit each other at the same time - where they collide.

Intersection points
Firstly, we have two parameterizations f(¢) and g(¢), and we want to find out when they

intersect, this means that we want to know when the function values of each
parametrization are the same. This means that we need to solve

f(1)=9(s)
because we're seeking the function values independent of the times they intersect.

For example, if we have f(¢) = (¢, 3¢) and g(¢) = (¢, tz), and we want to find intersection
points:

f(6) = g(s)
(1, 30) = (s, 5°)



t=sand 3t = s
with solutions (7, s) = (0, 0) and (3, 3)
So, the two curves intersect at the points (0, 0) and (3, 3).
Collision points
However, if we want to know when the points "collide", with f(¢) and g(¢), we need to

know when both the function values and the times are the same, so we need to solve
instead

f() =90

For example, using the same functions as before, f(£) = (¢, 37) and g(¢) = (¢, /), and we
want to find collision points:

=00 _

(t,30=(1)

t=tand 3t="7
which gives solutions = 0, 3 So the collision points are (0, 0) and (3, 9).
We may want to do this to actually model physical problems, such as in ballistics.
Continuity and differentiability
If we have a parametrization f : R — R”", which is built up out of component functions in
the form f(¢) = (f1(?)....,/x(?)), T is continuous if and only if each component function is
also.

In this case the derivative of f(¢) is

ai = (f1'(9),..../»'(¢)). This is actually a specific consequence of a more general fact
we will see later.

Tangent vectors

Recall in single-variable calculus that on a curve, at a certain point, we can draw a line
that is tangent to that curve at exactly at that point. This line is called a tangent. In the
several variable case, we can do something similar.



We can expect the tangent vector to depend on f'(f) and we know that a line is its own
tangent, so looking at a parametrised line will show us precisely how to define the
tangent vector for a curve.

An arbitrary line is f(f)=ar+b, with :fi(¢f)=a;t+bi, so

fi'(H)=a; and
f(t)y=a, which is the direction of the line, its tangent vector.

Similarly, for any curve, the tangent vector is f'(¢).

Angle between curves

0 = arccos(z-y/1z11y!)

Y

We can then formulate the concept of the angle between two curves by considering the
angle between the two tangent vectors. If two curves, parametrized by f; and f, intersect
at some point, which means that

f1(s)=F2(f)=c,

the angle between these two curves at ¢ is the angle between the tangent vectors f,'(s) and
f.'(¢) is given by



fi(s) -
£ (s)l

(1)
]

arccos

o 1R

Tangent lines
With the concept of the tangent vector as being analogous to being the gradient of the line
in the one variable case, we can form the idea of the tangent line. Recall that we need a

point on the line and its direction.

If we want to form the tangent line to a point on the curve, say p, we have the direction of
the line f'(p), so we can form the tangent line

x()=p+ f'(p)

Different parameterizations
One such parametrization of a curve is not necessarily unique. Curves can have several
different parametrizations. For example, we already saw that the unit circle can be
parametrized by g(¢) = (cos at, sin af) such that ¢ [ [0, 2n/a).
Generally, if f is one parametrization of a curve, and g is another, with

f(t0) = 9(s0)

there is a function u(¢) such that u(zy)=so, and g'(u(t)) = f(t) near t,.

This means, in a sense, the function u(?) "speeds up" the curve, but keeps the curve's
shape.

Surfaces

A surface in space can be described by the image of a function f - R* — R”. f is said to be
the parametrization of that surface.

For example, consider the function
f((l, B) = (1(2, 1 53)+B(_ 1 52’0)

This describes an infinite plane in R®. If we restrict o and B to some domain, we get a
parallelogram-shaped surface in R’.

Surfaces can also be described explicitly, as the graph of a function z = f{x, y) which has a
standard parametrization as f(x,y)=(x, y, f(x,y)), or implictly, in the form f{x, y, z)=c.



Level sets

The concept of the level set (or contour) is an important one. If you have a function f(x, y,
z), a level set in R? is a set of the form {(x,y,z)|f{x,y,z)=c}. Each of these level sets is a
surface.

Level sets can be similarly defined in any R"
Level sets in two dimensions may be familiar from maps, or weather charts. Each line
represents a level set. For example, on a map, each contour represents all the points

where the height is the same. On a weather chart, the contours represent all the points
where the air pressure is the same.

Limits and continuity

Before we can look at derivatives of multivariate functions, we need to look at how limits
work with functions of several variables first, just like in the single variable case.

If we have a function f : R” — R", we say that f(x) approaches b (in R") as X approaches
a (in R™) if, for all positive €, there is a corresponding positive number 8, [f(X)-b| <&

whenever |X-a| < §, with X # a.

This means that by making the difference between X and a smaller, we can make the
difference between f(X) and b as small as we want.

If the above is true, we say
e f(X) has limit b at a
lim f(x) =b
X—a

f(X) approaches b as x approaches a
e f(X) > basx—a

These four statements are all equivalent.
Rules

Since this is an almost identical formulation of limits in the single variable case, many of
the limit rules in the one variable case are the same as in the multivariate case.

For f and g, mapping R™ to R”, and A(X) a scalar function mapping R" to R, with

e f(X)>basx—a
e gX)—casx—a



e h(X)—> Hasx—a
then:

lim(f+g)=b+c
i (hf) — Hb

o H—a

and consequently

lim(f-g)=b-c
Iim(fxg)=bxc

when H#0
S b
cdmG) =g

Continuity

Again, we can use a similar definition to the one variable case to formulate a definition of
continuity for multiple variables.

Iff: R" — R", fis continuous at a point a in R" if f(a) is defined and

lim f(x) = f(a)

H—a
Just as for functions of one dimension, if f, g are both continuous at p, f+g, Af (for a
scalar M), f-g, and fxg are continuous also. If ¢ : R” — R is continus at p, ¢f, f/p are too if
¢ 1S never zero.
From these facts we also have that if 4 is some matrix which is nxm in size, with X in R",
a function f(X)=4 X is continuous in that the function can be expanded in the form
x1a;+...+x,,a,, which can be easily verified from the points above.
If f : R" — R" which is in the form f(X) = (fi(X)....,/»(X) is continuous if and only if each

of its component functions are a polynomial or rational function, whenever they are
defined.

Finally, if f is continuous at p, g is continuous at f(p), g(f(x)) is continuous at p.

Special note about limits



It is important to note that we can approach a point in more than one direction, and thus,
the direction that we approach that point counts in our evaluation of the limit. It may be
the case that a limit may exist moving in one direction, but not in another.

Differentiable functions

We will start from the one-variable definition of the derivative at a point p, namely

r—p T — p

Let's change above to equivalent form of

- flz) = f(p) = f'(p)(z—p)

T—p Tr—p

=0

which achieved after pulling f'(p) inside and putting it over a common denominator.

We can't divide by vectors, so this definition can't be immediately extended to the
multiple variable case. Nonetheless, we don't have to: the thing we took interest in was
the quotient of two small distances (magnitudes), not their other properties (like sign). It's
worth noting that 'other' property of vector neglected is its direction. Now we can divide
by the absolute value of a vector, so lets rewrite this definition in terms of absolute values

i L&) = ) = @)z —p)| _

r—n |"]j —_ p|

0

Another form of formula above is obtained by letting 2 = x — p we have x = p + h and if
T— P thelt=2—-p—05

i 4 R) — F(p) — f'(p)A
h—0 ||

=10

3

where 4 can be thought of as a 'small change'.
So, how can we use this for the several-variable case?

If we switch all the variables over to vectors and replace the constant (which performs a
linear map in one dimension) with a matrix (which denotes also a linear map), we have

g £X) —£(p) — A(x—p)| _
x—p x — p

0




or

g f@+h) —f(p) — Ah| _

h—0 || 0

If this limit exists for some f : R” — R”, and there is a linear map A : R” — R" (denoted
by matrix 4 which is mxn), we refer to this map as being the derivative and we write it as
Dy f.

A point on terminology - in referring to the action of taking the derivative (giving the

linear map A), we write Dy, f, but in referring to the matrix 4 itself, it is known as the
Jacobian matrix and is also written J, f.

Properties
There are a number of important properties of this formulation of the derivative.
Affine approximations

If f is differentiable at p for X close to p, [f(X)-(f(p)+A(X-p))| is small compared to |X-p|,
which means that f(X) is approximately equal to f(p)+A4(X-p).

We call an expression of the form g(x)+c affine, when g(x) is linear and c is a constant.
f(p)+A(x-p) is an affine approximation to f(X).

Jacobian matrix and partial derivatives

The Jacobian matrix of a function is in the form

_of,

D}TJ p

(Jof),

foraf:R" — R", J, ' is a m>n matrix.

The consequence of this is that if f is differentiable at p, all the partial derivatives of f
exist at p.

However, it is possible that all the partial derivatives of a function exist at some point yet
that function is not differentiable there, so it's very important not to mix derivative (linear
map) with the Jacobian (matrix) especially when cited situation arised.

Continuity and differentiability

Furthermore, if all the partial derivatives exist, and are continuous in some
neighbourhood of a point p, then f is differentiable at p. This has the consequence that for



a function f which has its component functions built from continuous functions (such as
rational functions, differentiable functions or otherwise), f is differentiable everywhere f
is defined.

We use the terminology continuously differentiable for a function differentiable at p
which has all its partial derivatives existing and are continuous in some neighbourhood at

p.
Rules of taking Jacobians
Iff: R" — R", and A(x) : R" — R are differentiable at 'p":

Jp(f+ g) = Jpf + Jpg
Jo(hf) = haof + £(p) Jph
Jp(f-g) =g Jpf + ' Jpg

Important: make sure the order is right - matrix multiplication is not commutative!
Chain rule

The chain rule for functions of several variables is as follows. For f : R” — R"and g : R"
— R?, and g o f differentiable at p, then the Jacobian is given by

(Jﬂplg) (Jpf)

Again, we have matrix multiplication, so one must preserve this exact order.
Compositions in one order may be defined, but not necessarily in the other way.

Alternate notations

For simplicity, we will often use various standard abbreviations, so we can write most of
the formulae on one line. This can make it easier to see the important details.

We can abbreviate partial differentials with a subscript, e.g,

9
oh(z,y) = — 8,0,k = 9,0,k

dx

When we are using a subscript this way we will generally use the Heaviside D rather than
a,



oh

rr

D,h(z,y) —

D:r.' D?,rh' = D?:D:r.' h

Mostly, to make the formulae even more compact, we will put the subscript on the
function itself.

D T h = IIFl':r.' h‘:r.'y = ll‘1*_1,.':1'

If we are using subscripts to label the axes, x;, x> ..., then, rather than having two layers
of subscripts, we will use the number as the subscript.

9
hy — Dyh — Oyh — 8, h — =%

(_}}331

We can also use subscripts for the components of a vector function, u=(u, u,, u,) or
U=(us,uz...uy)

If we are using subscripts for both the components of a vector and for partial derivatives
we will separate them with a comma.

iy
?'E"i" u ] —_
o dy

The most widely used notation is hy. Both h; and 0,h are also quite widely used whenever
the axes are numbered. The notation osh is used least frequently.

We will use whichever notation best suits the equation we are working with.
Directional derivatives

Normally, a partial derivative of a function with respect to one of its variables, say, x;,
takes the derivative of that "slice" of that function parallel to the x;'th axis.

More precisely, we can think of cutting a function f(xi,...,x,) in space along the x/'th axis,
with keeping everything but the x; variable constant.

From the definition, we have the partial derivative at a point p of the function along this
slice as

f f te;) —f
‘f_ _ lim ( p | e.,l’ ) [: p)
dzx; =0 t

provided this limit exists.



Instead of the basis vector, which corresponds to taking the derivative along that axis, we
can pick a vector in any direction (which we usually take as being a unit vector), and we
take the directional derivative of a function as

of . f(p+id) —f(p)
ad o0 t

where d is the direction vector.

If we want to calculate directional derivatives, calculating them from the limit definition
is rather painful, but, we have the following: if f : R” — R is differentiable at a point p,

pI=1.
Of
5d = Def(@)

There is a closely related formulation which we'll look at in the next section.
Gradient vectors

The partial derivatives of a scalar tell us how much it changes if we move along one of
the axes. What if we move in a different direction?

We'll call the scalar £, and consider what happens if we move an infintesimal direction
dr=(dx,dy,dz), using the chain rule.

3 ) )
df—de|d?rf Lof
ox ri? ri'_,

This is the dot product of dr with a vector whose components are the partial derivatives
of f, called the gradient of f

gradf_‘?f_(df(p) N fif(l?))

1y " Oz,

We can form directional derivatives at a point p, in the direction d then by taking the dot
product of the gradient with d

of(p)
od

—d-Vf(p)

Notice that grad flooks like a vector multiplied by a scalar. This particular combination
of partial derivatives is commonplace, so we abbreviate it to



A (R
Ox Oy 0z

We can write the action of taking the gradient vector by writing this as an operator.
Recall that in the one-variable case we can write d/dx for the action of taking the
derivative with respect to x. This case is similar, but  acts like a vector.

We can also write the action of taking the gradient vector as:

8 0 o
V= (Eﬁml’ fﬁmg""amﬂ)

Properties of the gradient vector

Geometry

e Grad f(p) is a vector pointing in the direction of steepest slope of f. |grad f(p)| is
the rate of change of that slope at that point.

For example, if we consider h(x, y)=x*+y*. The level sets of / are concentric circles,
centred on the origin, and

Vh=(hg,h,) =2(z,y) =2r
grad A points directly away from the origin, at right angles to the contours.
e Along alevel set, ([1T)(p) is perpendicular to the level set {X[f(X)=f(p) at x=p}.
If dr points along the contours of £, where the function is constant, then df will be zero.
Since dfis a dot product, that means that the two vectors, df and grad f, must be at right
angles, i.e the gradient is at right angles to the contours.

Algebraic properties

Like d/dx, ['] is linear. For any pair of constants, a and b, and any pair of scalar functions,
fand g

d i) d
E(af | hg)=aaf I bag Viaf +bg)=aVf+bVg

Since it's a vector, we can try taking its dot and cross product with other vectors, and with
itself.

Divergence



If the vector function u maps R" to itself, then we can take the dot product of u and [1.
This dot product is called the divergence.

. 9] Ty Ej?Lg ( i?,[w
divu=V-u=—+ -
dx, g Or,

If we look at a vector function like v=(1+x>,xy) we can see that to the left of the origin all
the v vectors are converging towards the origin, but on the right they are diverging away
from it.

Div u tells us how much U is converging or diverging. It is positive when the vector is
diverging from some point, and negative when the vector is converging on that point.

Example:
For v=(1+x%, xy), div v=3x, which is positive to the right of the origin, where V is
diverging, and negative to the left of the origin, where V is converging.

Like grad, div is linear.
V- -(au+bv)=aV-u+bV-v

Later in this chapter we will see how the divergence of a vector function can be
integrated to tell us more about the behaviour of that function.

To find the divergence we took the dot product of and a vector with  on the left. If
we reverse the order we get

1 - T = ?I':i'.' D:i‘.’ | ?I-v;lr D-u | U: D.-\""..

To see what this means consider i+ This is Dy, the partial differential in the i direction.
Similarly, u- is the the partial differential in the u direction, multiplied by |u|

Curl

If u is a three-dimensional vector function on R’ then we can take its cross product with
1. This cross product is called the curl.

i j ok
curlu=Vxu=|D, D, D,

Uy Uy U,

Curl u tells us if the vector U is rotating round a point. The direction of curl u is the axis
of rotation.



We can treat vectors in two dimensions as a special case of three dimensions, with #,=0
and D,u=0. We can then extend the definition of curl u to two-dimensional vectors

curlu = Dyu, — D,u,

This two dimensional curl is a scalar. In four, or more, dimensions there is no vector
equivalent to the curl.

Example:
Consider u=(-y, x). These vectors are tangent to circles centred on the origin, so appear to
be rotating around it anticlockwise.

curlu = Dy(—y) — Dyx = -2

Example
Consider u=(-y, x-z, y), which is similar to the previous example.

i j k
curlu=|D, D, D, =2i+2k

=

-y r—=< Yy
This u is rotating round the axis i+k

Later in this chapter we will see how the curl of a vector function can be integrated to tell
us more about the behaviour of that function.

Product and chain rules
Just as with ordinary differentiation, there are product rules for grad, div and curl.
e Ifgisascalar and V is a vector, then

the divergence of gv is
V-(gv)=gV-v+(v-V)g
the curl of gv is

V x(gv)=g(Vxv)+(Vg) xv
e Ifu and v are both vectors then

the gradient of their dot product is
Viu-v)=ux({(Vxv)+vx({(Vxu)+(u-V)v+(v-V)u
the divergence of their cross product is
Vi(uxv)=v-(Vxu)—u-(Vxv)

the curl of their cross product is

Vx{uxv)=(v-Viu—(u-V)v+uV-v) —v(V-u)



We can also write chain rules. In the general case, when both functions are vectors and
the composition is defined, we can use the Jacobian defined earlier.

?u(v) |r - JV v1""irlr
where J,, is the Jacobian of U at the point v.

Normally J is a matrix but if either the range or the domain of U is R then it becomes a
vector. In these special cases we can compactly write the chain rule using only vector
notation.

o Ifgis ascalar function of a vector and /4 is a scalar function of g then

dh
Vh(g) = d_gvg

o If gis ascalar function of a vector then
d
V= (Vg)—+
(Vo) g,

This substitution can be made in any of the equations containing

Second order differentials

We can also consider dot and cross products of  with itself, whenever they can be
defined. Once we know how to simplify products of two 's we'll know out to simplify
products with three or more.

The divergence of the gradient of a scalar f'is

rf OPf 9 f

's 2 s 2 s 2
dxy = Ox; dx:

vgf(mli Loy Tn) =

This combination of derivatives is the Laplacian of /. It is commmonplace in physics and
multidimensional calculus because of its simplicity and symmetry.

We can also take the Laplacian of a vector,

u  6%*u d°u

?Eutﬁl,ﬂlg, .. ’]‘Jn) =

pa . )l e
dzxy  Ox; Ox2

The Laplacian of a vector is not the same as the divergence of its gradient



V(V-u)—Vu=Vx(Vxu)
Both the curl of the gradient and the divergence of the curl are always zero.
VxVf=0 V-(Vxu)=0

This pair of rules will prove useful.

Integration

We have already considered differentiation of functions of more than one variable, which
leads us to consider how we can meaningfully look at integration.

In the single variable case, we interpret the definite integral of a function to mean the area
under the function. There is a similar interpretation in the multiple variable case: for
example, if we have a paraboloid in R?, we may want to look at the integral of that
paraboloid over some region of the xy plane, which will be the volume under that curve
and inside that region.

Riemann sums

When looking at these forms of integrals, we look at the Riemann sum. Recall in the one-
variable case we divide the interval we are integrating over into rectangles and summing
the areas of these rectangles as their widths get smaller and smaller. For the multiple-
variable case, we need to do something similar, but the problem arises how to split up R,
or R3, for instance.

To do this, we extend the concept of the interval, and consider what we call a n-interval.
An n-interval is a set of points in some rectangular region with sides of some fixed width
in each dimension, that is, a set in the form {X[1R"|a; <x; < b; with i = 0,...,n}, and its
area/size/volume (which we simply call its measure to avoid confusion) is the product of
the lengths of all its sides.

So, an n-interval in R* could be some rectangular partition of the plane, such as {(x,y) | x
71 [0,1]and y [1 [0, 2]|}. Its measure is 2.

If we are to consider the Riemann sum now in terms of sub-n-intervals of a region €, it is

> fa)m(S)

15,00

where m(S;) is the measure of the division of Q into k sub-n-intervals S, and x'; is a point
in ;. The index is important - we only perform the sum where S; falls completely within
Q - any Sj that is not completely contained in 2 we ignore.



As we take the limit as k goes to infinity, that is, we divide up € into finer and finer sub-
n-intervals, and this sum is the same no matter how we divide up Q, we get the integral
of fover Q which we write

[ 7

For two dimensions, we may write

[t

and likewise for n dimensions.

Iterated integrals

Thankfully, we need not always work with Riemann sums every time we want to
calculate an integral in more than one variable. There are some results that make life a bit
easier for us.

For R?, if we have some region bounded between two functions of the other variable (so

two functions in the form f{x) =y, or f{y) = x), between a constant boundary (so, between
x=aand x=bory=aandy=>), we have

b rglx)
] / h{x,y) dydx
flz

An important theorem (called Fubini's theorem) assures us that this integral is the same

[kt

Order of integration

In some cases the first integral of the entire iterated integral is difficult or impossible to
solve, therefore, it can be to our advantage to change the order of integration.

b glx)
f f h{z,y) dzdy
flz
i Filu)
f f h{z,y) dydx
(1)



As of the writing of this, there is no set method to change an order of integration from
dxdy to dydx or some other variable. Although, it is possible to change the order of
integration in an x and y simple integration by simply switching the limits of integration
around also, in non-simple x and y integrations the best method as of yet is to recreate the
limits of the integration from the graph of the limits of integration.

In higher order integration that can't be graphed, the process can be very tedious. For
example, dxdydz can be written into dzdydx, but first dxdydz must be switched to dydxdz
and then to dydzdx and then to dzdydx (but since 3-dimensional cases can be graphed,
doing this would be seemingly idiotic).

Parametric integrals

If we have a vector function, u, of a scalar parameter, s, we can integrate with respect to s
simply by integrating each component of U seperately.

v(s) = [u(s)ds = u(9) = [ ui(s)ds

Similarly, if u is given a function of vector of parameters, S, lying in R”, integration with
respect to the parameters reduces to a multiple integral of each component.

Line integrals

In one dimension, saying we are
integrating from a to b uniquely specifies the integral.

In higher dimensions, saying we are integrating from a to b is not sufficient. In general,
we must also specify the path taken between a and b.

We can then write the integrand as a function of the arclength along the curve, and
integrate by components.



E.g, given a scalar function A(r) we write

/U hir)dr = /Uh.(r)gds — /Uh.(r(s))t(:g)ds

where C is the curve being integrated along, and t is the unit vector tangent to the curve.

There are some particularly natural ways to integrate a vector function, U, along a curve,

/uds /u-dr /uxﬂ!r /u-nd,e
o c c c

where the third possibility only applies in 3 dimensions.

Again, these integrals can all be written as integrals with respect to the arclength, s.

/u-dr=/u-tﬂfs /uxdr=/uxtds
' o o o

If the curve is planar and u a vector lying in the same plane, the second integral can be
usefully rewritten. Say,

u = ut + w,n+ usb

where t, n, and b are the tangent, normal, and binormal vectors uniquely defined by the
curve.

Then
u x t = —bu, + nuy

For the 2-d curves specified b is the constant unit vector normal to their plane, and u; is
always zero.

Therefore, for such curves,

/uxdr=/u-nds
{.I'T t-.l'lr

Green's Theorem
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Let C be a piecewise smooth, simple closed curve that bounds a region S on the Cartesian

plane. If two function M(x,y) and N(x,y) are continuous and their partial derivatives are
continuous, then

oN oM j{ ){
— ——)dA= ¢ Mdr+ Ndy= ¢ F-d
ffs(ai’ 334’) c e o )

In order for Green's theorem to work there must be no singularities in the vector field
within the boundaries of the curve.

Green's theorem works by summing the circulation in each infinitesimal segment of area
enclosed within the curve.

Inverting differentials

We can use line integrals to calculate functions with specified divergence, gradient, or
curl.

e Ifgrad V=u



V(p) =[Pu-ﬂfr - h(p)

Po
where 4 is any function of zero gradient and curl U must be zero.

o Ifdivu=V
P
u(p) = / Vdr +w(p)
Po
where W is any function of zero divergence.
o Ifcurlu=v
1 P
u(p)=r/ v X dr + w(p)
& Po
where W is any function of zero curl.
For example, if V=r* then
gradV = 2(zx,y, z) = 2r

and

Jy2u-du = [ 2(udu+ vdv + wdw)
[w’]o + [v%]o + [w?]o

m? | y? | 32=?‘2

so this line integral of the gradient gives the original function.
Similarly, if v=K then
P
u(p) = / k x dr
Po

Consider any curve from 0 to p=(x, y', z), given by r=r(s) with r(0)=0 and r(S)=p for
some S, and do the above integral along that curve.



u(p) = fn k x & ds

= fu (ds - _l) ds
-]fu - ds—lfsm”ds
ilre(s)l5 —ilry(s)l5

= pa-pi=aj—uyi

and curl U is

i
S| Ds
—Y

b2 =
H_pf—u

as expected.

We will soon see that these three integrals do not depend on the path, apart from a
constant.

Surface and Volume Integrals

Just as with curves, it is possible to parameterise surfaces then integrate over those
parameters without regard to geometry of the surface.

That is, to integrate a scalar function V over a surface 4 parameterised by » and s we
calculate

fL’(:}:,?,z)d¢9=ffV(r,s)detJdrﬂ!s
A A

where J is the Jacobian of the tranformation to the parameters.
To integrate a vector this way, we integrate each component seperately.

However, in three dimensions, every surface has an associated normal vector n, which
can be used in integration. We write dS=ndS.

For a scalar function, ¥, and a vector function, v, this gives us the integrals

/VdS /v-dS [vde
A A A

These integrals can be reduced to parametric integrals but, written this way, it is clear that
they reflect more of the geometry of the surface.



When working in three dimensions, dV is a scalar, so there is only one option for
integrals over volumes.

Gauss's divergence theorem

We know that, in one dimension,
b ;
_ i
a D f dT - f |u

Integration is the inverse of differentiation, so integrating the differential of a function
returns the original function.

This can be extended to two or more dimensions in a natural way, drawing on the
analogies between single variable and multivariable calculus.

The analog of D is [1, so we should consider cases where the integrand is a divergence.

Instead of integrating over a one-dimensional interval, we need to integrate over a n-
dimensional volume.



In one dimension, the integral depends on the values at the edges of the interval, so we
expect the result to be connected with values on the boundary.

This suggests a theorem of the form,

/T-udV:/ n-uds
v av

This is indeed true, for vector fields in any number of dimensions.
This is called Gauss's theorem.
There are two other, closely related, theorems for grad and curl:

/ VudV = / undS
o« JVv av

2

/?Kunﬂf:/ n ¥ udsS
. JVv av

3

with the last theorem only being valid where curl is defined.

Stokes' curl theorem
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These theorems also hold in two dimensions, where they relate surface and line integrals.

Gauss's divergence theorem becomes

/?-udf:?:jg n - uds
s as

where s is arclength along the boundary curve and the vector n is the unit normal to the
curve that lies in the surface S, i.e in the tangent plane of the surface at its boundary,
which is not necessarily the same as the unit normal associated with the boundary curve
itself.

Similarly, we get

/TXUdST:/nxuds (1)
s C ,

where C is the boundary of S

In this case the integral does not depend on the surface S.



To see this, suppose we have different surfaces, S; and S,, spanning the same curve C,
then by switching the direction of the normal on one of the surfaces we can write

51+ 50 5 5

The left hand side is an integral over a closed surface bounding some volume ¥ so we can
use Gauss's divergence theorem.

/ TxudS=/T-?><udV
S1+ 50 1%

but we know this integrand is always zero so the right hand side of (2) must always be
zero, i.e the integral is independent of the surface.

This means we can choose the surface so that the normal to the curve lying in the surface
is the same as the curves intrinsic normal.

Then, if u itself lies in the surface, we can write
u=(u-n)n+ (u-t)t

just as we did for line integrals in the plane earlier, and substitute this into (1) to get

/Txuda‘}f:/u-dr
s o

Ordinary differential equations involve equations containing:
e variables
o functions
o their derivatives

and their solutions.

In studying integration, you al/ready have considered solutions to very simple differential
equations. For example, when you look to solving

[ i@z = g(a)

for g(x), you are really solving the differential equation

g(z) = f(z)



Notations and terminology

The notations we use for solving differential equations will be crucial in the ease of
solubility for these equations.

This document will be using three notations primarily:

o f'to denote the derivative of
e D fto denote the derivative of

dar

« dTto denote the derivative of f (for separable equations).
Terminology
Consider the differential equation
3f"(x) + bz f(x) = 11

Since the equation's highest derivative is 2, we say that the differential equation is of
order 2.

Some simple differential equations

A key idea in solving differential equations will be that of integration.

Let us consider the second order differential equation (remember that a function acts on a
value).

How would we go about solving this? It tells us that on differentiating twice, we obtain
the constant 2 so, if we integrate twice, we should obtain our result.

Integrating once first of all:
f f(z) de = f 2 da
fllx)=2x+C

We have transformed the apparently difficult second order differential equation into a
rather simpler one, viz.

fllx)=2x+Cy



This equation tells us that if we differentiate a function once, we get 2x + C;. If we
integrate once more, we should find the solution.

ff’(:t)dxzf?:r—l—@l dx
f(I):IE—I—G]_I—I—Gg

fr
This is the solution to the differential equation. We will get f= 2for all values of C,
and C,.

The values C; and C; are related to quantities known as initial conditions.

Why are initial conditions useful? ODEs (ordinary differential equations) are useful in
modeling physical conditions. We may wish to model a certain physical system which is
initially at rest (so one initial condition may be zero), or wound up to some point (so an
initial condition may be nonzero and be say 5 for instance) and we may wish to see how

the system reacts under such an initial condition.

When we solve a system with given initial conditions, we substitute them after our
process of integration.

Example

I i) - ¢
When we solved /' = 2say we had the initial conditions J [:U) = Jand f ( U) =2
(Note, initial conditions need not occur at f(0)).

After we integrate we make substitutions:

2 r
r) =2 +3z+ s

f(a) =2
F(0) =07+ 3(0) + C4
i

Without initial conditions, the answer we obtain is known as the general solution or the
solution to the family of equations. With them, our solution is known as a specific
solution.

o
|
:J_.:

r)=a+3x+2

—,

Basic first order Differential Equations

In this section we will consider four main types of differential equations:



e separable

e homogeneous
e linear

e exact

There are many other forms of differential equation, however, and these will be dealt
with in the next section

Separable equations

A separable equation is in the form (using dy/dx notation which will serve us greatly
here)

Y f@)/a(w)

Previously we have only dealt with simple differential equations with g(y)=1. How do we
solve such a separable equation as above?

We group x and dx terms together, and y and dy terms together as well.

9(y) dy = f(zx) dz

Integrating both sides with respect to y on the left hand side and x on the right hand side:

/g(y)d? fol:T)dT FC

we will obtain the solution.
Worked example
Here is a worked example illustrating the process.

We are asked to solve

dy 2

— =3z

dx J
Separating

di

~ — (32%) da

Y

Integrating



d
f£=f3m?dm
y

Iny = ot + O

307
y _ E.r. +

Letting k = ¢ where k is a constant we obtain
y = ke™

which is the general solution.

Verification

This step does not need be part of your working, but if you have time, you can verify
your answer by differentiation. We obtained

y: kﬁi"j

as the solution to

di
= 32y

dx

Differentiating the solution,

dr
dx

Zi‘.';':l'
Since ¥ = ke , We can write

d1
A 3z%y

dx

We see that we obtain our original differential equation, so we can confirm our working
as being correct.

Homogeneous equations

A homogeneous equation is in the form

d
— — /)



This looks difficult as it stands, however we can utilize the substitution

Y

V==
T

so that we are now dealing with F(v) rather than F(y/x).
Now we can express y in terms of v, as y=xv and use the product rule.

The equation above then becomes, using the product rule

dyy dv
— = a1 r—
dr | o
Then
du
- 0
]

Té = f[:?_J) — 1
dv  f(v)—w
dr x

which is a separable equation and can be solved as above.

However let's look at a worked equation to see how homogeneous equations are solved.
Worked example

We have the equation

dy  y*+ x?
dr  yzx

This does not appear to be immediately separable, but let us expand to get

dy yi | 2
dr yr yz
dy x | i
dr vy =

Substituting y=xv which is the same as substituting v=y/x:



d
EE; =1/v+wv

Now

dv
vtr—=1/v+wv

dx

Canceling v from both sides

dv
r—=1/v
dx /
Separating
vdv = dz/x

Integrating both sides

1
5?_12 - C = In(x)

1 /y\?

(YY) —m)-C

o () =i —c
Yy~ = 2z" In{x) — 2Cx"

y = T\/ﬁ In(x) — 2C

which is our desired solution.

Linear equations
A linear first order differential equation is a differential equation in the form

dy

()2 + ba)y = e(z)

Multiplying or dividing this equation by any non-zero function of x makes no difference
to its solutions so we could always divide by a(x) to make the coefficient of the
differential 1, but writing the equation in this more general form may offer insights.

At first glance, it is not possible to integrate the left hand side, but there is one special
case. If b happens to be the differential of a then we can write



dy dy da d
a(z) -+ b(x)y = alz) —+y_— = ——a(z)y

and integration is now straightforward.

Since we can freely multiply by any function, lets see if we can use this freedom to write
the left hand side in this special form.

We multiply the entire equation by an arbitrary, /(x), getting

dy
rﬁa Fbly = el

then impose the condition

d
Etﬂ = bl

If this is satisfied the new left hand side will have the special form. Note that multiplying
I by any constant will leave this condition still satisfied.

Rearranging this condition gives

1dl — g

Idr  a

We can integrate this to get

lllf(ﬂ?)=fz[[::z))d3—lnﬂ(m) b e (T)_ﬁfj 2tz 42

We can set the constant & to be 1, since this makes no difference.

Next we use / on the original differential equation, getting

[ gody Uz, (T) [ 22y, ()

afz) | ['3 afz) = g alz)

Because we've chosen [ to put the left hand side in the special form we can rewrite this as

d f r’iz:]'lri:) _ l" U z} dz C (T)



Integrating both sides and dividing by / we obtain the final result
- [ Y2 JESY (x)
J = £ i f rJ.I:z} )dj‘ | (_f

We call  an integrating factor. Similar techniques can be used on some other calclulus
problems.

Example

Consider

d
ﬁ Fytanz =1 y(0)=0

First we calculate the integrating factor.

I = Ejtn.nzdz _ elIIHDC.'E — secT
Multiplying the equation by this gives
dy
SEC$E | ysecx tany = secx

or

d

——Yysecr = secx
dzx
We can now integrate

@
y = ::os:r:f sec zdz = coszIn(secx + tanz)
0

Exact equations
An exact equation is in the form
ftx, ) dx + g(x, y) dy =0

and, has the property that



Dy, f=Dyg

(If the differential equation does not have this property then we can't proceed any
further).

As a result of this, if we have an exact equation then there exists a function h(x, y) such
that

Dyh=fand Dyh=g
So then the solutions are in the form
h(x,y)=¢

by using the fact of the total differential. We can find then h(x, y) by integration

Basic second and higher order ODE's

The generic solution of a n™ order ODE will contain # constants of integration. To
calculate them we need n» more equations. Most often, we have either

boundary conditions, the values of y and its derivatives take for two different
values of x

or

initial conditions, the values of y and its first n-/ derivatives take for one
particular value of x.

Reducible ODE's

1. If the independent variable, x, does not occur in the differential equation then its order
can be lowered by one. This will reduce a second order ODE to first order.

Consider the equation:

dy d*y
Fly 22 —
(y, dx’ d:}:?> U

Define

_dy

u_da:



Then

d*y du du dy du

@ dr dy dr dy

Substitute these two expression into the equation and we get

F (y, u, du - u)
dy -0

which is a first order ODE
Example
Solve

1+ 24°D%y =0
if at x=0, y=Dy=1

First, we make the substitution, getting

dt
11 Qyzud—:; —0

This is a first order ODE. By rearranging terms we can separate the variables

dy
-5

wdu =

Integrating this gives
W /2=c+1/2
We know the values of y and u when x=0 so we can find ¢
c=u'/2—-1/2y=1%/2-1/(2-1)=1/2-1/2=0
Next, we reverse the substitution

dy>
o

1
dx y



and take the square root
di 1
“J = +
dx NG

To find out which sign of the square root to keep, we use the initial condition, Dy=1 at
x=0, again, and rule out the negative square root. We now have another separable first
order ODE,

dy 1

dz  \fy

Its solution is

2 3
—y? =1 +d
37 |

Since y=1 when x=0, d=2/3, and

3
= (1
d ( '2)

2. If the dependent variable, y, does not occur in the differential equation then it may also
be reduced to a first order equation.

Lafes

Consider the equation:

2
F( dydy)=u

:T: [R——
"dx dx?

Define

_dy
= dxr
Then

d’y  du
dzx?  dx

Substitute these two expressions into the first equation and we get



which is a first order ODE

Linear ODEs
An ODE of the form
dny dn—ly

is called linear. Such equations are much simpler to solve than typical non-linear ODEs.
Though only a few special cases can be solved exactly in terms of elementary functions,
there is much that can be said about the solution of a generic linear ODE.

If F(x)=0 for all x the ODE is called homogeneous
Two useful properties of generic linear equations are

1. Any linear combination of solutions of an homogeneous linear equation is also a
solution.

2. If we have a solution of a nonhomogeneous linear equation and we add any
solution of the corresponding homogenous linear equation we get another solution
of the nonhomogeneous linear equation

Variation of constants

Suppose we have a linear ODE,

dn y | ( ) dn —1 y
a1
dx™ P dgn—1

b @y =0

and we know one solution, y=w(x)

The other solutions can always be written as y=wz. This substitution in the ODE will give
us terms involving every differential of z upto the n™, no higher, so we'll end up with an
n"™ order linear ODE for .

We know that z is constant is one solution, so the ODE for z must not contain a z term,
which means it will effectively be an n-1" order linear ODE. We will have reduced the
order by one.



Lets see how this works in practice.
Example
Consider

d?y 2dy 6
dr?  rdr x?

One solution of this is y=x’, so substitute y=zx" into this equation.

d’z dz 2 dz )
(r}:? b 22— 4 23) | —( 2 | 21’3) —E,,:}:E?,:U
72

dx? dx T dx

Rearrange and simplify.
x*D’z + 6xDz =0
This is first order for Dz. We can solve it to get

—h

—3
z= Ax y = Ax

Since the equation is linear we can add this to any multiple of the other solution to get the
general solution,

y=dAx ">+ Bx’

Linear homogeneous ODE's with constant coefficients
Suppose we have a ODE
(D"-iralD"'1 +..+a,.1D+a))y=0
we can take an inspired guess at a solution (motivate this)
y=é*
For this function D"y=p"y so the ODE becomes
@' +ap” '+ ta,pta)y=0

y=0 is a trivial solution of the ODE so we can discard it. We are then left with the
equation



pPlrap” o tapta)=0
This is called the characteristic equation of the ODE.
It can have up to n roots, pi, p2 ... Pn, €ach root giving us a different solution of the ODE.

Because the ODE is linear, we can add all those solution together in any linear
combination to get a general solution

y — ﬂlepj:t‘ | flgfim T | . | .(')1-” E:p“:r_'
To see how this works in practice we will look at the second order case. Solving

equations like this of higher order uses the exact same principles; only the algebra is
more complex.

Second order

If the ODE is second order,
D’y +bDy+cy=0

then the characteristic equation is a quadratic,
pPrrbpte=0

with roots

b+ VP e

2

P+

What these roots are like depends on the sign of b*-4c, so we have three cases to
consider.

1) b’ > 4c

In this case we have two different real roots, so we can write down the solution straight
away.

y= A e’ + A_ef-

2) b’ < 4c

In this case, both roots are imaginary. We could just put them directly in the formula, but
if we are interested in real solutions it is more useful to write them another way.



Defining k*=4c-b”, then the solution is

[

il b e b
y = A+£xﬁ.i-. 2 A e i 5
For this to be real, the A's must be complex conjugates
A, — ;1@""“‘
+ = Ae
Make this substitution and we can write,
y=Ae " cos(kx + a)

If b is positive, this is a damped oscillation.

3) b’ =4c

In this case the characteristic equation only gives us one root, p=-b/2. We must use
another method to find the other solution.

We'll use the method of variation of constants. The ODE we need to solve is,
D*y-2pDy +p*y=0

rewriting b and ¢ in terms of the root. From the characteristic equation we know one
solution is y = €™ so we make the substitution y = ze’*, giving

("' D’z + 2pe” Dz + p*e™z) - 2p(e”* Dz + pez) + p*e™z =0
This simplifies to D?z=0, which is easily solved. We get
z=Ax+ B y=(Ax+ B)e™

so the second solution is the first multiplied by x.

Higher order linear constant coefficient ODE's behave similarly: an exponential for every
real root of the characteristic and a exponent multiplied by a trig factor for every complex
conjugate pair, both being multiplied by a polynomial if the root is repeated.

E.g, if the characteristic equation factors to

@-D'p-3)@*+ 1)’ =0

the general solution of the ODE will be



y=(4+ Bx+ Cx* + Dx*)e" + Ee™ + Fcos(x + a) + Gxcos(x + b)
The most difficult part is finding the roots of the characteristic equation.
Linear nonhomogeneous ODEs with constant coefficients
First, let's consider the ODE

Dy-y=x
a nonhomogeneous first order ODE which we know how to solve.
Using the integrating factor ¢™ we find

y=ce "+1-x

This is the sum of a solution of the corresponding homogeneous equation, and a
polynomial.

Nonhomogeneous ODE's of higher order behave similarly.

If we have a single solution, y, of the nonhomogeneous ODE, called a particular
solution,

(D" + a; D" ' 4 - 4 ay)y = F(z)

then the general solution is y=y,+y;, where yj is the general solution of the homogeneous
ODE.

Find y, for an arbitrary F(x) requires methods beyond the scope of this chapter, but there
are some special cases where finding y, is straightforward.

Remember that in the first order problem y, for a polynomial F(x) was itself a polynomial
of the same order. We can extend this to higher orders.

Example:
Dy+y=x-x+1
Consider a particular solution
_ 2., .3
Yp=bo+bix+bx"+x
Substitute for y and collect coefficients

XA b+ (6+b)x+ by +by)=x"-x+1



So b,=0, b;=-7, by=1, and the general solution is
y = asinx + becosx + 1 - 7x +x°
This works because all the derivatives of a polynomial are themselves polynomials.

Two other special cases are

F(?:) _ PHEF.':?.' yﬂ(m) _ Qﬂeﬂ':r:
F(zx)= A,sinkx + Bycoskx y,(z) = P,sinkz + @, coskx

where P,,0,,4,, and B, are all polynomials of degree n.

Making these substitutions will give a set of simultaneous linear equations for the
coefficients of the polynomials.

Non-Linear ODEs
If the ODE is not linear, first check if it is reducible. If it is neither linear nor reducible

there is no generic method of solution. You may, with sufficient ingenuity and algebraic
skill, be able to transform it into a linear ODE.

First order

Any partial differential equation of the form

L R L
oxq Oy dx,,

where Ay, hy ... hy, and b are all functions of both # and R" can be reduced to a set of
ordinary differential equations.

To see how to do this, we will first consider some simpler problems.
Special cases
We will start with the simple PDE

u(x,y,z) =ulz,y,z) (1)

Because u is only differentiated with respect to z, for any fixed x and y we can treat this
like the ODE, du/dz=u. The solution of that ODE is ce”, where c is the value of u when
z=0, for the fixed x and y

Therefore, the solution of the PDE is



u(x,y,z) = u(x,y,0)e’

Instead of just having a constant of integration, we have an arbitary function. This will be
true for any PDE.

Notice the shape of the solution, an arbitary function of points in the xy, plane, which is
normal to the 'z' axis, and the solution of an ODE in the 'z' direction.

Now consider the slightly more complex PDE

Aty + ayu, + au, = h{u) (2)
where h can be any function, and each a is a real constant.
We recognize the left hand side as being a- , so this equation says that the differential of
u in the a direction is s(u). Comparing this with the first equation suggests that the
solution can be written as an arbitary function on the plane normal to @ combined with

the solution of an ODE.

Remembering from Calculus/Vectors that any vector r can be split up into components
parallel and perpendicular to a,

r—r, 4r =(r_(r-a)a) | (r-a)a

we will use this to split the components of I in a way suggested by the analogy with (1).

Let's write

r-a

r={(r,y,z)=r, +sa §=

d-a

and substitute this into (2), using the chain rule. Because we are only differentiating in
the a direction, adding any function of the perpendicular vector to s will make no
difference.

First we calculate grad s, for use in the chain rule,

a

Vs=—

12
On making the substitution into (2), we get,

h(w) — a- Vs u(s) = 2245 = W

ds a-ads 5



which is an ordinary differential equation with the solution

v
s=cr) / 0]

The constant ¢ can depend on the perpendicular components, but not upon the parallel
coordinate. Replacing s with a monotonic scalar function of s multiplies the ODE by a
function of s, which doesn't affect the solution.

Example:
u(xat)x = u(xat)t

For this equation, a is (1, -1), s=x-¢, and the perpendicular vector is (x+t)(1, 1). The
reduced ODE is du/ds=0 so the solution is

u=f(x+t)

To find f'we need initial conditions on u. Are there any constraints on what initial
conditions are suitable?

Consider, if we are given

e u(x,0), this is exactly f(x),

e u(3t,), this is f{4¢) and f{¢) follows immediately

o u(f+2t0), this is f(t3+3t) and f{¢) follows, on solving the cubic.

e u(-t,t), then this is f{0), so if the given function isn't constant we have a
inconsistency, and if it is the solution isn't specified off the initial line.

Similarly, if we are given u on any curve which the lines x+#=c intersect only once, and to
which they are not tangent, we can deduce f.

For any first order PDE with constant coefficients, the same will be true. We will have a
set of lines, parallel to 7=at, along which the solution is gained by integrating an ODE

with initial conditions specified on some surface to which the lines aren't tangent.

If we look at how this works, we'll see we haven't actually used the constancy of a, so
let's drop that assumption and look for a similar solution.

The important point was that the solution was of the form u=f(x(s),y(s)), where (x(s),y(s))
is the curve we integrated along -- a straight line in the previous case. We can add

constant functions of integration to s without changing this form.

Consider a PDE,

a(xay)ux + b(xay)”y = c(xayau)



For the suggested solution, u=f{x(s),)(s)), the chain rule gives

du  dx dyy

— =, + —u
ds ds ° Y

ds
Comparing coefficients then gives

dx dy du
E - ﬂ(ﬁay) E - b(T: y) E - c(m!? JU’)

so we've reduced our original PDE to a set of simultaneous ODE's. This procedure can be
reversed.

The curves (x(s),y(s)) are called characteristics of the equation.

Example: Solve yu, = xu, given u=f(x) for x>0 The ODE's are

dx dy du
: - ds

ds — ds - ¥

subject to the initial conditions at s=0,

HO)=r $(0)=0 w0)=f(r) r>0
This ODE is easily solved, giving

x(s) =rcoss y(s)=rsins ul(s)= f(r)

so the characteristics are concentric circles round the origin, and in polar coordinates

u(r,0)=A(r)
Considering the logic of this method, we see that the independence of a and b from u has

not been used either, so that assumption too can be dropped, giving the general method
for equations of this quasilinear form.

Quasilinear
Summarising the conclusions of the last section, to solve a PDE

ou ou ou
ay(u, X)ﬁ | !Ig(?i-,X)% - an(u.,x)% = blu, x)

subject to the initial condition that on the surface, (x1(71,...,7n-1, - - - Xa(F15- - s Fn-1)s
u=f(ry,...,ry.1) --this being an arbitary paremetrisation of the initial surface--



e we transform the equation to the equivalent set of ODEs,

dxy dx,, du

ds ds " ds
subject to the initial conditions

T*(U) - f[:rll R :'“-n—l) U = f(?'l, Fa,... T-n—l)

e Solve the ODE's, giving x; as a function of s and the 7;.

e Invert this to get s and the r; as functions of the x;.

o Substitute these inverse functions into the expression for u as a function of s and
the 7; obtained in the second step.

b

Both the second and third steps may be troublesome.

The set of ODE:s is generally non-linear and without analytical solution. It may even be
easier to work with the PDE than with the ODE:s.

In the third step, the r; together with s form a coordinate system adapted for the PDE. We
can only make the inversion at all if the Jacobian of the transformation to Cartesian
coordinates is not zero,

oy L. oy
oy &y —1 a1
# 0
dry, L. ox .
oy oy —1 L

This is equivalent to saying that the vector (a;, &hellip:, a,) is never in the tangent plane
to a surface of constant s.

If this condition is not false when s=0 it may become so as the equations are integrated.
We will soon consider ways of dealing with the problems this can cause.

Even when it is technically possible to invert the algebraic equations it is obviously
inconvenient to do so.

Example

To see how this works in practice, we will
a/ consider the PDE,

uuy +u, +u,; =0
with generic initial condition,

u=flxy)ont=0



Naming variables for future convenience, the corresponding ODE's are

dx dy dz du

dT=M E—l =1 E=U

e
subject to the initial conditions at =0
r=r y=s8 t=0 u= f(rs)
These ODE's are easily solved to give
r=r+ f(rs)r y=s+7 t=7 u=f(rs)
These are the parametric equations of a set of straight lines, the characteristics.

The determinant of the Jacobian of this coordinate transformation is

1+75L 8L ¢ o1
0 1 1=1|T;j—‘
0 0 1 o1

This determinant is 1 when =0, but if £, is anywhere negative this determinant will
eventually be zero, and this solution fails.

In this case, the failure is because the surface sf, = - 1 is an envelope of the
characteristics.

For arbitary f we can invert the transformation and obtain an implicit expression for u
u=flx-tuy-x)
If fis given, this can be solved for u.

1/ fix,y) = ax, The implicit solution is

—a(z—tu) > u—
u=alxr— H-=>?I.-—1|at

This is a line in the u-x plane, rotating clockwise as ¢ increases. If @ is negative, this line
eventually become vertical. If a is positive, this line tends towards =0, and the solution

1s valid for all #.

2/ fix,y)=x*, The implicit solution is



1+ 2t — /1 4 4ix

22

u=(xr— tu)g =y =

This solution clearly fails when 1 + 4#x < 0, which is just when sf, = - 1. For any >0 this
happens somewhere. As ¢ increases, this point of failure moves toward the origin.

Notice that the point where u=0 stays fixed. This is true for any solution of this equation,
whatever fis.

We will see later that we can find a solution after this time, if we consider discontinuous
solutions. We can think of this as a shockwave.

3/ flx,y) = sin(xy)
The implicit solution is

u(x,y,t) = sin((z — tu)(y — x))

and we can not solve this explitly for . The best we can manage is a numerical solution
of this equation.

b/We can also consider the closely related PDE
uuy tuy, tu, =y

The corresponding ODE's are

dr fiy_l d:;_l du
dr " odr 4

dr dr
subject to the initial conditions at =0
r=r y=s t=0 u= f(rs)

These ODE's are easily solved to give

1, 1., 1,
xTr =7 T — 8T -7 =8 T L= iU = 8T -7
FTf st 5T | 1= [T

Writing f'in terms of u, s, and 7, then substituting into the equation for x gives an implicit
solution

L o 1g 1,
u(zx,y,t) = flx— ut 4 Qyt —ﬁt Yy —1t) yt—zt



It is possible to solve this for u in some special cases, but in general we can only solve
this equation numerically. However, we can learn much about the global properties of the
solution from further analysis

Characteristic initial value problems

What if initial conditions are given on a characteristic, on an envelope of characteristics,
on a surface with characteristic tangents at isolated points?

Discontinuous solutions

So far, we've only considered smooth solutions of the PDE, but this is too restrictive. We
may encounter initial conditions which aren't smooth, e.g.

| 2>
u = cuy,  u(x,0) = {[lj’ i - 3

If we were to simply use the general solution of this equation for smooth initial
conditions,

u(z,t) = u(zx + ct,0)
we would get

u(zx, t) = L, 420
0, 24t <0

which appears to be a solution to the original equation. However, since the partial
differentials are undefined on the characteristic x+ct=0, so it becomes unclear what it
means to say that the equation is true at that point.

We need to investigate further, starting by considering the possible types of
discontinuities.

If we look at the derivations above, we see we've never use any second or higher order
derivatives so it doesn't matter if they aren't continuous, the results above will still apply.

The next simplest case is when the function is continuous, but the first derivative is not,
e.g |x|. We'll initially restrict ourselves to the two-dimensional case, u(x, ) for the generic
equation.

alx, t)u, + bz, t)u, = elu, x,t) (1)

Typically, the discontinuity is not confined to a single point, but is shared by all points on
some curve, (xo(s), f(s) )



Then we have

3: } Tﬂ lim E—+E0 = ?"F+
r<zg lim, .., =u_

We can then compare u and its derivatives on both sides of this curve.
It will prove useful to name the jumps across the discontinuity. We say
[u] =uy —u fug] = ey —Up U] = Uy — U

Now, since the equation (1) is true on both sides of the discontinuity, we can see that both
u+ and u., being the limits of solutions, must themselves satisfy the equation. That is,

!’I-[:.T] t)?f-+:r.' | b(T, t)?i-+ﬁ = :‘3(?1.-+, x, t) where T = .’]3{}[:5)
alz,t)u_p + b{z, hu_y = elu_,z,t) t = to(3)

Subtracting then gives us an equation for the jumps in the differentials
a(x,t)[u.] + bz, t)[u] =0

We are considering the case where u itself is continuous so we know that [u]=0.
Differentiating this with respect to s will give us a second equation in the differential
jumps.

dxy dxy

E[M:H] | E[?ﬁ-f_] =0

The last two equations can only be both true if one is a multiple of the other, but
multiplying s by a constant also multiplies the second equation by that same constant
while leaving the curve of discontinuity unchanged, hence we can without loss of
generality define s to be such that

dry dty b
ds ¢ ds

But these are the equations for a characteristic, i.e discontinuities propagate along
characteristics. We could use this property as an alternative definition of characteristics.

We can deal similarly with discontinuous functions by first writing the equation in
conservation form, so called because conservation laws can always be written this way.

(au), + (bu)y = a,u + bu+ e (1)



Notice that the left hand side can be regarded as the divergence of (au, bu). Writing the
equation this way allows us to use the theorems of vector calculus.

Consider a narrow strip with sides parallel to the discontinuity and width 4

We can integrate both sides of (1) over R, giving

f (au), + (bu); dxdt = _/ (@, + b )u + cdzxdt
R R

Next we use Green's theorem to convert the left hand side into a line integral.
jl( audt — budx = f (ay + b)u + cdzdt
30 R

Now we let the width of the strip fall to zero. The right hand side also tends to zero but
the left hand side reduces to the difference between two integrals along the part of the
boundary of R parallel to the curve.

f audt — bu, dr — f au_dt — bu_dxr =0

The integrals along the opposite sides of R have different signs because they are in
opposite directions.

For the last equation to always be true, the integrand must always be zero, i.e

dty  dxg B
(:1 i ) [u] =0

Since, by assumption [u] isn't zero, the other factor must be, which immediately implies
the curve of discontinuity is a characteristic.

Once again, discontinuities propagate along characteristics.

Above, we only considered functions of two variables, but it is straightforward to extend
this to functions of n variables.

The initial condition is given on an n-1 dimensional surface, which evolves along the
characteristics. Typical discontinuities in the initial condition will lie on a n-2
dimensional surface embedded within the initial surface. This surface of discontinuity
will propagate along the characteristics that pass through the initial discontinuity.



The jumps themselves obey ordinary differential equations, much as u itself does on a
characteristic. In the two dimensional case, for u continuous but not smooth, a little
algebra shows that

d[u. ] o bp

rruil G i

while u obeys the same equation as before,

—_— =

ds

We can integrate these equations to see how the discontinuity evolves as we move along
the characteristic.

We may find that, for some future s, [ux] passes through zero. At such points, the discontinuity

has vanished, and we can treat the function as smooth at that characteristic from then on.

Conversely, we can expect that smooth functions may, under the righr circumstances, become

discontinuous.
To see how all this works in practice we'll consider the solutions of the equation
ty + v, =0 u(z,0) = f(z)
for three different initial conditions.
The general solution, using the techniques outlined earlier, is
u= f(x— tu)
u is constant on the characteristics, which are straight lines with slope dependent on u.

First consider f'such that

1 T >a
flz)=¢2 az2>0 a=>0
<0

la =] |



While u is continuous its derivative is discontinuous at x=0, where =0, and at x=a, where u=1. The

characteristics through these points divide the solution into three regions.

All the characteristics to the right of the characteristic through x=a, =0 intersect the x-axis to the right

of x=1, where u=1 so u is 1 on all those characteristics, i.e whenever x-£>a.

Similarly the characteristic through the origin is the line x=0, to the left of which u remains zero.

We could find the value of u at a point in between those two characteristics either by finding which

intermediate characteristic it lies on and tracing it back to the initial line, or via the general solution.

Either way, we get

1 r—1t>a
fley=< 7 att=zz>0
0 x <0

At larger ¢ the solution u is more spread out than at /=0 but still the same shape.
We can also consider what happens when a tends to 0, so that u itself is discontinuous at x=0.

If we write the PDE in conservation form then use Green's theorem, as we did above for the linear

case, we get

d.’]’?ﬂ - 1 2 dt{}
[v ds Q[M ds

[«?] is the difference of two squares, so if we take s=¢ we get

dx 1
;ﬂ = 5(?1._ | u+)

In this case the discontinuity behaves as if the value of u on it were the average of the limiting values

on either side.

However, there is a caveat.



Since the limiting value to the left is u- the discontinuity must lie on that characteristic, and similarly
for u+; i.e the jump discontinuity must be on an intersection of characteristics, at a point where u

would otherwise be multivalued.

For this PDE the characteristic can only intersect on the discontinuity if
u_ = Uy
If this is not true the discontinuity can not propagate. Something else must happen.

The limit a=0 is an example of a jump discontinuity for which this condition is false, so
we can see what happens in such cases by studying it.

Taking the limit of the solution derived above gives

1 T >
f(:::)z } t>=x >0
0 r <10

If we had taken the limit of any other sequence of initials conditions tending to the same
limit we would have obtained a trivially equivalent result.

Looking at the characteristics of this solution, we see that at the jump discontinuity
characteristics on which u takes every value betweeen 0 and 1 all intersect.

At later times, there are two slope discontinuities, at x=0 and x=¢, but no jump
discontinuity.

This behaviour is typical in such cases. The jump discontinuity becomes a pair of slope
discontinuities between which the solution takes all appropriate values.

Now, lets consider the same equation with the initial condition

1 r <
flzx)y=4¢1-2 a>x>0 a>0
0 r>a

This has slope discontinuities at x=0 and x=a, dividing the solution into three regions.

The boundaries between these regions are given by the characteristics through these
initial points, namely the two lines



These characteristics intersect at /=a, so the nature of the solution must change then.

In between these two discontinuities, the characteristic through x=b at /=0 is clearly

(L

m=(1—£)t|b D0<b<a

All these characteristics intersect at the same point, (x,f)=(a,a).

We can use these characteristics, or the general solution, to write u for t<a

1 T <t
w(z,t) =< = azzx>t a>t>0
0 r>a

As t tends to a, this becomes a step function. Since u is greater to the left than the right of
the discontinuity, it meets the condition for propagation deduced above, so for £>a u is a
step function moving at the average speed of the two sides.

1 <t
u.(j:,t)={u T;& t>a >0
ol 2

This is the reverse of what we saw for the initial condition previously considered, two
slope discontinuities merging into a step discontinuity rather than vice versa. Which
actually happens depends entirely on the initial conditions. Indeed, examples could be
given for which both processes happen.

In the two examples above, we started with a discontinuity and investigated how it
evolved. It is also possible for solutions which are initially smooth to become
discontinuous.

For example, we saw earlier for this particular PDE that the solution with the initial
condition u=x? breaks down when 2x#+1=0. At these points the solution becomes
discontinuous.

Typically, discontinuities in the solution of any partial differential equation, not merely
ones of first order, arise when solutions break down in this way and propagate similarly,
merging and splitting in the same fashion.

Fully non-linear PDEs

It is possible to extend the approach of the previous sections to reduce any equation of the
form



F(x1, T,y Ty Uy Uy y Usgy v o ey Uy ) = 0
to a set of ODE's, for any function, F.

We will not prove this here, but the corresponding ODE's are

de, OF du _ (9F  OF\ du - OF
dr  ou; dr  \ox  ou) dr = ou

If u is given on a surface parameterized by 7;...r, then we have, as before, n initial
conditions on the n, x;

T=0 == f'i(rljrij"'jrﬂ—l)
given by the parameterization and one initial condition on u itself,
7=0 wu= f(ry,re...,Tn_1)
but, because we have an extra n ODEs for the u,'s, we need an extra # initial conditions.

These are, n-1 consistency conditions,

which state that the u,'s are the partial derivatives of u on the initial surface, and one
initial condition

T=0 F(x1, T2, .., Tn, U, U, Uy ., Up) =10
stating that the PDE itself holds on the initial surface.

These n initial conditions for the u; will be a set of algebraic equations, which may have
multiple solutions. Each solution will give a different solution of the PDE.

Example

Consider

2

o 2 2
=, +uy,, ulzr,y,0)=z"+y

i

The initial conditions at T=0 are



rT=r y=3=: t=20 u=r?+4 s

¢ ¢ Af a2 9
Uy = 27 Uy =28 u = 4(r* + 57)
and the ODE's are
de — 9y, W — _2y, 4_—1 du_y, 2(u? + u?)
dr T odr W odr dr — "1 i U
dw, duy, 0 duy 0
dr dr dr

Note that the partial derivatives are constant on the characteristics. This always happen,
when the PDE contains only partial derivatives, simplifying the procedure.

These equations are readily solved to give
r=r(l-47) y=s(1-47) t=7 u=(r’+s)(1-47)
On eliminating the parameters we get the solution,

22 4 7
1 -4

U =

which can easily be checked.

Second order

Suppose we are given a second order linear PDE to solve
a’(m! y)u':r.':r.' | h(T, y)u':r.'w | c(j:! y)”?m = d(T! y)”‘:r.' | E"[:T, y)u"_:,r | p(?:j y)u' | Q(mi y)

The natural approach, after our experience with ordinary differential equations and with
simple algebraic equations, is attempt a factorisation. Let's see how for this takes us.

We would expect factoring the left hand of (1) to give us an equivalent equation of the
form

a(z, y)(Dx + a(z,y) Dy) (D + a_(z,y) D,)u

and we can immediately divide through by a. This suggests that those particular
combinations of first order derivatives will play a special role.

Now, when studying first order PDE's we saw that such combinations were equivalent to
the derivatives along characteristic curves. Effectively, we changed to a coordinate
system defined by the characteristic curve and the initial curve.

(1)



Here, we have two combinations of first order derivatives each of which may define a
different characteristic curve. If so, the two sets of characteristics will define a natural
coordinate system for the problem, much as in the first order case.

In the new coordinates we will have
D, +ay(z,y)D,= D, D, +a_(z,y)D, = D,

with each of the factors having become a differentiation along its respective characteristic
curve, and the left hand side will become simply u,, giving us an equation of the form

trs = A(r, s)u, + B(r, s)us + C(r, s)u+ D(r, s)

If 4, B, and C all happen to be zero, the solution is obvious. If not, we can hope that the
simpler form of the left hand side will enable us to make progress.

However, before we can do all this, we must see if (1) can actually be factored.

Multiplying out the factors gives

b(x,y) c(x,y)

—:1[3:, ) Ly a(z.9) Uy = Uy + (O + O YUgy + @y,

Uz |

On comparing coefficients, and solving for the a's we see that they are the roots of
2
a(z, y)a + b(z, y)a + o(z,y) — 0

Since we are discussing real functions, we are only interested in real roots, so the
existence of the desired factorization will depend on the discriminant of this quadratic
equation.

o Ifb(xy) > da(xy)c(x,y)

then we have two factors, and can follow the procedure outlined above. Equations
like this are called hyperbolic

o If b(x,y)2 =4a(x,y)c(x,y)

then we have only factor, giving us a single characteristic curve. It will be natural
to use distance along these curves as one coordinate, but the second must be
determined by other considerations.

The same line of argument as before shows that use the characteristic curve this
way gives a second order term of the form u,,, where we've only taken the second
derivative with respect to one of the two coordinates. Equations like this are
called parabolic



o If b(x,y)2 <4a(x,y)c(x,y)

then we have no real factors. In this case the best we can do is reduce the second
order terms to the simplest possible form satisfying this inequality, i.e u,,+us

It can be shown that this reduction is always possible. Equations like this are
called elliptic

It can be shown that, just as for first order PDEs, discontinuities propagate along
characteristics. Since elliptic equations have no real characteristics, this implies that any
discontinuities they may have will be restricted to isolated points; i.e, that the solution is
almost everywhere smooth.

This is not true for hyperbolic equations. Their behavior is largely controlled by the shape
of their characteristic curves.

These differences mean different methods are required to study the three types of second
equation. Fortunately, changing variables as indicated by the factorisation above lets us
reduce any second order PDE to one in which the coefficients of the second order terms
are constant, which means it is sufficient to consider only three standard equations.

Uz Uyy = 0wy, — Uy = 0wy, — Uy = 0

We could also consider the cases where the right hand side of these equations is a given
function, or proportional to u or to one of its first order derivatives, but all the essential
properties of hyperbolic, parabolic, and elliptic equations are demonstrated by these three
standard forms.

While we've only demonstrated the reduction in two dimensions, a similar reduction
applies in higher dimensions, leading to a similar classification. We get, as the reduced
form of the second order terms,

Fu | A%y | | Ay
!’11 _— !’12 :_ A !’1 P
ox? ox3 " Ox2

where each of the a;s is equal to either 0, +1, or -1.

If all the a;s have the same sign the equation is elliptic

If any of the a;s are zero the equation is parabolic

If exactly one of the a;s has the opposite sign to the rest the equation is hyperbolic

In 2 or 3 dimensions these are the only possibilities, but in 4 or more dimensions there is

a fourth possibility: at least two of the a;s are positive, and at least two of the a;s are
negative.



Such equations are called ultrahyperbolic. They are less commonly encountered than the
other three types, so will not be studied here.

When the coefficients are not constant, an equation can be hyperbolic in some regions of

the xy plane, and elliptic in others. If so, different methods must be used for the solutions
in the two regions.

Elliptic
Standard form, Laplace's equation:
V?h =0
Quote equation in spherical and cylindrical coordinates, and give full solution for
cartesian and cylindrical coordinates. Note averaging property Comment on physical
significance, rotation invariance of laplacian.
Hyperbolic
Standard form, wave equation:
V2h = hy
Solution, any sum of functions of the form

h=flk-x —wt) w=|kle

These are waves. Compare with solution from separating variables. Domain of
dependance, etc.

Parabolic
The canonical parabolic equation is the diffusion equation:
2
Here, we will consider some simple solutions of the one-dimensional case.

The properties of this equation are in many respects intermediate between those of
hyperbolic and elliptic equation.

As with hyperbolic equations but not elliptic, the solution is well behaved if the value is
given on the initial surface /=0.



However, the characteristic surfaces of this equation are the surfaces of constant ¢, thus
there is no way for discontinuities to propagate to positive t.

Therefore, as with elliptic equations but not hyberbolic, the solutions are typically
smooth, even when the initial conditions aren't.

Furthermore, at a local maximum of 4, its Laplacian is negative, so 4 is decreasing with ¢,
while at local minima, where the Laplacian will be positive, # will increase with ¢. Thus,

initial variations in 4 will be smoothed out as 7 increases.

In one dimension, we can learn more by integrating both sides,

J fﬂ hidt = ff“ hppdax
Al 'l’i'u h dt _ [h-:i._-]b

df J— —ii

Provided that 4, tends to zero for large x, we can take the limit as a and b tend to infinity,
deducing

d s
E/_xh.dt

so the integral of 4 over all space is constant.

This means this PDE can be thought of as describing some conserved quantity, initially
concentrated but spreading out, or diffusing, over time.

This last result can be extended to two or more dimensions, using the theorems of vector
calculus.

We can also differentiate any solution with respect to any coordinate to obtain another
solution. E.g if /4 is a solution then

V2h, = 0,V°h = 8,8,h = O,h,
so A, also satisfies the diffusion equation.
Similarity solution
Looking at this equation, we might notice that if we make the change of variables
2
r=oar T=0al

then the equation retains the same form. This suggests that the combination of variables
x?/t, which is unaffected by this variable change, may be significant.



We therefore assume this equation to have a solution of the special form

| &

h(x,t) — f(n) where  —

L
hJ|I—|-

then

n

_1
he =tufy=12fy he=mfy= ot

f 1
and substituting into the diffusion equation eventually gives
1
Fam A §f n =0

which is an ordinary differential equation.

Integrating once gives

2
fo= Ae~ T
Reverting to 4, we find
2
E t 2
h = G [ e*/Mds+ B

— A4y 4B

This last integral can not be written in terms of elementary functions, but its values are
well known.

In particular the limiting values of 4 at infinity are
h(—o0,t) = B h{oo,t) = B+ Ay/m,

taking the limit as # tends to zero gives

B B r <0
-\ Bt+AYT >0

We see that the initial discontinuity is immediately smoothed out. The solution at later
times retains the same shape, but is more stretched out.



The derivative of this solution with respect to x
A

S et J4t

VT

is itself a solution, with % spreading out from its initial peak, and plays a significant role
in the further analysis of this equation.

hy =

The same similiarity method can also be applied to some non-linear equations.

Separating variables

We can also obtain some solutions of this equation by separating variables.
h(z,t) = X(2)T(t) = X"T = XT

giving us the two ordinary differential equations

EX dT |
Ty X =0 — = kT

and solutions of the general form

h(z,t) = Ae " sin(kz + )



Extensions

Systems of Ordinary Differential
Equations

We have already examined cases where we have a single differential equation and found
several methods to aid us in finding solutions to these equations. But what happens if we
have two or more differential equations that depend on each other? For example, consider
the case where

Dax(f) = 3y(1)* + x(0)t
and
Dy(1) = x(1) + y(2)

Such a set of differential equations is said to be coupled. Systems of ordinary differential
equations such as these are what we will look into in this section.

First order systems
A general system of differential equations can be written in the form
Dix = F(x,t)

Instead of writing the set of equations in a vector, we can write out each equation
explicitly, in the form:

:Df;rzl = Fy(xq,...,25,1)
jDﬁa:.i = Fy(x1,...,20,1)
If we have the system at the very beginning, we can write it as:
Dix = G(x,1)
where
x = (2(t), (1)) = (2,9)

and



.2
G(x,0) = (3" + at, + y)
or write each equation out as shown above.
Why are these forms important? Often, this arises as a single, higher order differential
equation that is changed into a simpler form in a system. For example, with the same

example,

Dax(f) = 3y(1)* + x(0)t
Dy(t) = x(1) + y(2)

we can write this as a higher order differential equation by simple substitution.
Dy(1) - y(2) = x(2)

then

Dax(t)=3%(1” + (D) - ()1
Dax(t) = 39(1” + tDy(1) - 10)

Notice now that the vector form of the system is dependent on ¢ since
G(x,t) = (3y° + at,z + y)

the first component is dependent on ¢. However, if instead we had
H(x) = (35" +z,2 + )

notice the vector field is no longer dependent on ¢. We call such systems autonomous.
They appear in the form

Dix = H(x)

We can convert between an autonomous system and a non-autonomous one by simply
making a substitution that involves #, such as y=(X, t), to get a system:

Dyy = (FE}F)! 1) - (F(X: t): 1)

In vector form, we may be able to separate F in a linear fashion to get something that
looks like:

F(x,t) = A(t)x + b(t)

where A(f) is a matrix and b is a vector. The matrix could contain functions or constants,
clearly, depending on whether the matrix depends on ¢ or not.



Formal limits

In preliminary calculus, the definition of a limit is probably the most difficult concept to
grasp (if nothing else, it took some of the most brilliant mathematicians 150 years to
arrive at it); it is also the most important and most useful.

The intuitive definition of a limit is adequate for manipulation most of the time, but is
inadequate to understand the concept, or to prove anything with it. The issue here lies
with our meaning of "arbitrarily close". We discussed earlier that the meaning of this
term is that the closer x gets to the specified value, the closer the function must get to the
limit, so that however close we want the function to the limit, we can find a
corresponding x close to our value. We can express this concept as follows:

Definition: (Formal definition of a limit)
Let f(x) be a function defined on an open interval that contains x=c, except possibly at
x=c. Let L be an existing number. Then we say that,

lim f(z) =L

r—C

if, for every £ = (), there exists a & > 0 such that for all x < Drwhen
0<|z—c|l <4,

we have

[f(z) — L <e.

To further explain, earlier we said that "however close we want the function to the limit,
we can find a corresponding x close to our value." Using our new notation of epsilon (£)
and delta (3), we mean that if we want to find f(x) within Zof L, the limit, then we know

that there is an x within d of ¢ that puts it there.

Again, since this is tricky; let's resume our example from before: f{x) =x*, at x =2. To
start, let's say we want f{x) to be within .01 of the limit. We know here that the limit
should be 4, so we say; for & = 01, there is some delta so that as long as
0<|z—¢| <0 thenlfl(x) = L] <e.

To show this, we can pick any delta that is bigger than 0. To be sure, you might pick
.00000000000001, because you are absolutely sure that if x is within .00000000000001
of 2, then f{x) will be within .01 of 4. Of course, we can't just pick a specific value for
epsilon, like .01, because we said in our definition "for every £ = ()." This means that



we need to be able to show an infinite number of deltas, one for each epsilon. We can't
list an infinite number of deltas!

Of course, we know of a very good way to do this; we simply create a function, so that
for every epsilon, it can give us a delta. In this case, it's a rather easy function; all we

need is 5[5) < (E)

So how do you show that f{x) tends to L as x tends to ¢? Well imagine somebody gave
you a small number £(e.g., say £ = 0).03). Then you have to find a & > 0 and show that

whenever 0 < |T - f3| = éwe have | f{x) — L | <0.03. Now if that person gave you a
smaller £(say £ = ().002) then you would have to find another 8, but this time with 0.03
replaced by 0.002. If you can do this for any choice of £then you have shown that f{x)
tends to L as x tends to c.

Definition: (Limit of a function at infinity)
We call L the limit of f{x) as x approaches OCif for every number £ = Uthere exists a &
such that whenever x > § we have

f@)— L <e
When this holds we write

lim f(x)=1L

E—+OC
or

flz) =L as x — oco.

Similarly, we call L the limit of f{x) as x approaches —2Cif for every number £ = (),
there exists a number o such that whenever x < § we have

f@)— L] <e
When this holds we write

lim f(z)=1L

E——020C
or

flx) = L as z— —oc.



Notice the difference in these two definitions. For the limit of f{x) as x approaches >Cwe
are interested in those x such that x > . For the limit of f{x) as x approaches —2>Cwe are
interested in those x such that x <.

Examples
Here are some examples on finding limits using the definition.

1) What is 6 when € = 0.01 for
x

we start with the conclusion and substitute the given values for f(x) and ¢

X
——2| <0.01
‘4
and simplify
7.96 <x <8.04

using the first part of the definition of a limit
-0.04 <x-8<0.04

we normally choose the smaller of |-0.04| and 0.04 for 6 but any smaller number will
work so 6=0.04

2) What is the limit of f{x) = x + 7 as x approaches 4?

There are two steps to answering such a question; first we must determine the answer —
this is where intuition and guessing is useful, as well as the informal definition of a limit.
Then, we must prove that the answer is right. For this problem, the answer happens to be

11. Now, we must prove it using the definition of a limit:

Informal: 11 is the limit because when x is roughly equal to 4, f{x) = x + 7 approximately
equals 4 + 7, which equals 11.

Formal: We need to prove that no matter what value of € is given to us, we can find a
value of & such that

If(z)—11] <&

whenever



|z — 4| < 4.

For this particular problem, letting 6 equal € works (see choosing delta for help in
determining the value of delta to use). Now, we have to prove

If(z) — 11| < &
given that

lz -4 <d=¢

Sincelm - ‘l| < £ we know
fl@) =11 =|z+T7—11| = |z —4| < &
which is what we wished to prove.
3) What is the limit of f{x) = x” as x approaches 4?
Formal: Again, we pull two things out of thin air; the limit is 16 (use the informal

definition to find the limit of f{x)), and & equals V(¢+16) - 4. Note that § is always positive
for positive . Now, we have to prove

2 .
‘:r,‘ — lh‘ < £
given that

2 —4|<d=vet16—-4

We know that [x +4| =|(x-4) + 8] < |x - 4| + 8 <0 + 8 (because of the triangle
inequality), thus

22 — 16| = e —4|- |z + 4]
< (6) - (6 + 8)
< (V16+z—4) - (V16+ € +4).
< (VI6+e)* — 42

< £

4) Show that the limit of sin(1 / x) as x approaches 0 does not exist.



Suppose the limit exists and is /. We will proceed by contradiction. Assume that L # 1,
the case for /=1 is similar. Choose & — |‘E - 1|, then for every 6 > 0, there exists a

1 .
O<rpg= ——F7— <9

large enough n such that ?T/ 2+ 2mn , but
|sin(1/z0) = 1| = [1-1] <¢, contradiction.

The function sin(1 / x) is known as the topologist's comb.
5) What is the limit of xsin(1 / x) as x approaches 0?

It is 0. For every £ = (), choose & = &so that for all x, if 0 < | x | <, then
|zsin(1/x) — 0| <

T| < €p5 required.

Real numbers
Fields

You are probably already familiar with many different sets of numbers from your past
experience. Some of the commonly used sets of numbers are

e Natural numbers, usually denoted with an N, are the numbers 0,1,2,3,...

o Integers, usually denoted with a Z, are the positive and negative natural numbers:
..-3,-2,-1,0,1,2,3...

o Rational numbers, denoted with a Q, are fractions of integers (excluding division
by zero): -1/3, 5/1, 0, 2/7. etc.

o Real numbers, denoted with a R, are constructed and discussed below.

Note that different sets of numbers have different properties. In the set integers for
example, any number always has an additive inverse: for any integer x, there is another
integer ¢ such that x + £ = 0 This should not be terribly surprising: from basic arithmetic
we know that 1 = — x. Try to prove to yourself that not all natural numbers have an
additive inverse.

In mathematics, it is useful to note the important properties of each of these sets of
numbers. The rational numbers, which will be of primary concern in constructing the real
numbers, have the following properties:

There exists a number 0 such that for any other number a, 0+a=a+0=a
For any two numbers a and b, a+b is another number

For any three numbers a,b, and ¢, a+(b+c)=(a+b)+c

For any number a there is another number -a such that a+(-a)=0

For any two numbers a and b, a+b=b+a

For any two numbers a and b,a*b is another number



There is a number 1 such that for any number a, a*1=1*a=a
For any two numbers a and b, a*b=b*a

For any three numbers a,b and ¢, a(bc)=(ab)c

For any three numbers a,b and ¢, a(b+c)=ab+ac

For every number a there is another number a” such that aa'=1

As presented above, these may seem quite intimidating. However, these properties are
nothing more than basic facts from arithmetic. Any collection of numbers (and operations
+ and * on those numbers) which satisfies the above properties is called a field. The
properties above are usually called field axioms. As an exercise, determine if the integers
form a field, and if not, which field axiom(s) they violate.

Even though the list of field axioms is quite extensive, it does not fully explore the
properties of rational numbers. Rational numbers also have an ordering.’ A total ordering
must satisfy several properties: for any numbers a, b, and ¢

if a <b and b < a then a = b (antisymmetry)
if a < b and b < ¢ then a < ¢ (transitivity)
a < b or b < a (totality)

To familiarize yourself with these properties, try to show that (a) natural numbers,
integers and rational numbers are all totally ordered and more generally (b) convince
yourself that any collection of rational numbers are totally ordered (note that the integers
and natural numbers are both collections of rational numbers).

Finally, it is useful to recognize one more characterization of the rational numbers: every
rational number has a decimal expansion which is either repeating or terminating. The
proof of this fact is omitted, however it follows from the definition of each rational
number as a fraction. When performing long division, the remainder at any stage can only
take on positive integer values smaller than the denominator, of which there are finitely
many.

Constructing the Real Numbers

There are two additional tools which are needed for the construction of the real numbers:
the upper bound and the least upper bound. Definition A collection of numbers F is
bounded above if there exists a number m such that for all x in £ x<m. Any number m
which satisfies this condition is called an upper bound of the set E.

Definition If a collection of numbers E is bounded above with m as an upper bound of E,
and all other upper bounds of E are bigger than m, we call m the least upper bound or
supremum of E, denoted by sup E.

Many collections of rational numbers do not have a least upper bound which is also
rational, although some do. Suppose the the numbers 5 and 10/3 are, together, taken to be
E. The number 10/3 is not only an upper bound of E, it is a least upper bound. In general,



there are many upper bounds (12, for instance, is an upper bound of the collection above),
but there can be at most one least upper bound.

Consider the collection of numbers {31 3.1,3.14, 3.141, 3.1415, . . } You may
recognize these decimals as the first few digits of pi. Since each decimal terminates, each
number in this collection is a rational number. This collection has infinitely many upper
bounds. The number 4, for instance, is an upper bound. There is no least upper bound, at
least not in the rational numbers. Try to convince yourself of this fact by attempting to
construct such a least upper bound: (a) why does pi not work as a least upper bound (hint:
pi does not have a repeating or terminating decimal expansion), (b) what happens if the
proposed supremum is equal to pi up to some decimal place, and zeros after (c) if the
proposed supremum is bigger than pi, can you find a smaller upper bound which will
work?

In fact, there are infinitely many collections of rational numbers which do not have a

rational least upper bound. We define a real number to be any number that is the least
upper bound of some collection of rational numbers.

Properties of Real Numbers

The reals are well ordered.
For all reals; a, b, ¢
Either b>a, b=a’, or b<a.
If a<b and b<c then a<c
Also
b>a implies b+c>a+c
b>a and ¢>0 implies bc>ac
b>a implies -a>-b
Upper bound axiom
Every non-empty set of real numbers which is bounded above has a supremum.
The upper bound axiom is necessary for calculus. It is not true for rational numbers.

We can also define lower bounds in the same way.

Definition A set £ is bounded below if there exists a real M such that for all x[1E x>M
Any M which satisfies this condition is called an lower bound of the set £

Definition If a set, E, is bounded below, M is an lower bound of E, and all other lower

bounds of E are less than M, we call M the greatest lower bound or inifimum of E,
denoted by inf £



The supremum and infimum of finite sets are the same as their maximum and minimum.
Theorem

Every non-empty set of real numbers which is bounded below has an infimum.
Proof:

Let E be a non-empty set of of real numbers, bounded below

Let L be the set of all lower bounds of E

L is not empty, by definition of bounded below

Every element of E is an upper bound to the set L, by definition
Therefore, L is a non empty set which is bounded above

L has a supremum, by the upper bound axiom

1/ Every lower bound of E is <sup L, by definition of supremum
Suppose there were an el |E such that e<sup L

Every element of L is <e, by definition

Therefore e is an upper bound of L and e<sup L

This contradicts the definition of supremum, so there can be no such e.
If e[JE then e>sup L, proved by contradiction

2/ Therefore, sup L is a lower bound of E

inf E exists, and is equal to sup L, on comparing definition of infinum to lines 1
&2

Bounds and inequalities, theorems:
ACB=supA<supBACB=infA>infB
supA U B = max(sup A,sup B)inf AU B = min(inf A, inf B)
Theorem: (The triangle inequality)
Va,bee R |a—b| <|a—¢|+ |c—
Proof by considering cases
If a<b<c then |a-c|+|c-b| = (c-a)*+(c-b) = 2(c-b)+(b-a)>b-a = |b-a]
Exercise: Prove the other five cases.
This theorem is a special case of the triangle inequality theorem from geometry: The sum

of two sides of a triangle is greater than or equal to the third side. It is useful whenever
we need to manipulate inequalities and absolute values.

Theory of Sequences



A sequence is an ordered list of objects (or events). Like a set, it contains members (also
called elements or terms), and the number of terms (possibly infinite) is called the length
of the sequence. Unlike a set, order matters, and the exact same elements can appear
multiple times at different positions in the sequence.

For example, (C, R, Y) is a sequence of letters that differs from (Y, C, R), as the ordering
matters. Sequences can be finite, as in this example, or infinite, such as the sequence of
all even positive integers (2, 4, 6,...).

»
An infinite sequence of real numbers (in blue). This sequence is neither increasing, nor
decreasing, nor convergent. It is however bounded.

Examples and notation

There are various and quite different notions of sequences in mathematics, some of which
(e.g., exact sequence) are not covered by the notations introduced below.

A sequence may be denoted (aj, az, ...). For shortness, the notation (a,) is also used.

A more formal definition of a finite sequence with terms in a set S is a function from {1,
2, ...,n} to S for some n > 0. An infinite sequence in S is a function from {1, 2, ...} (the
set of natural numbers without 0) to S.

Sequences may also start from 0, so the first term in the sequence is then ay.

A finite sequence is also called an n-tuple. Finite sequences include the empty sequence (
) that has no elements.

A function from all integers into a set is sometimes called a bi-infinite sequence, since it
may be thought of as a sequence indexed by negative integers grafted onto a sequence
indexed by positive integers.

Types and properties of sequences

A subsequence of a given sequence is a sequence formed from the given sequence by
deleting some of the elements without disturbing the relative positions of the remaining
elements.



If the terms of the sequence are a subset of an ordered set, then a monotonically
increasing sequence is one for which each term is greater than or equal to the term before
it; if each term is strictly greater than the one preceding it, the sequence is called strictly
monotonically increasing. A monotonically decreasing sequence is defined similarly.
Any sequence fulfilling the monotonicity property is called monotonic or monotone. This
is a special case of the more general notion of monotonic function.

The terms non-decreasing and non-increasing are used in order to avoid any possible
confusion with strictly increasing and strictly decreasing, respectively. If the terms of a
sequence are integers, then the sequence is an integer sequence. If the terms of a
sequence are polynomials, then the sequence is a polynomial sequence.

If S 1s endowed with a topology, then it becomes possible to consider convergence of an
infinite sequence in S. Such considerations involve the concept of the limit of a sequence.

Sequences in analysis

In analysis, when talking about sequences, one will generally consider sequences of the
form

(.’131, La,Xa, '")01‘ (.’]‘3{}, Xy,Ta, )

which is to say, infinite sequences of elements indexed by natural numbers. (It may be
convenient to have the sequence start with an index different from 1 or 0. For example,
the sequence defined by x, = 1/log(n) would be defined only for n > 2. When talking
about such infinite sequences, it is usually sufficient (and does not change much for most
considerations) to assume that the members of the sequence are defined at least for all
indices large enough, that is, greater than some given N.)

The most elementary type of sequences are numerical ones, that is, sequences of real or
complex numbers.

Summation notation

Summation notation allows an expression that contains a sum to be expressed in a simple,
compact manner. The uppercase Greek letter sigma, Z, is used to denote the sum of a set
of numbers.

Example

7
D=8 456"+ T
i=3

Let f'be a function and N, M are integers with N <M. Then



Zf (i) = F(N) + f(N+1) + f(N +2) + -+ f(M).
We say N is the lower limit and M is the upper limit of the sum.

We can replace the letter i with any other variable. For this reason i is referred to as a
dummy variable. So

Z}—§:3—§:a—l|2|d|4

j=1 =1
Conventionally we use the letters i, j, k, m for dummy variables.

Example

0

Y i=14+2+34+44+5

i=1
Here, the dummy variable is i, the lower limit of summation is 1, and the upper limit is 5.
Example

Sometimes, you will see summation signs with no dummy variable specified, e.g.,

+

Y % =100

1

In such cases the correct dummy variable should be clear from the context.

You may also see cases where the limits are unspecified. Here too, they must be deduced
from the context.

Common summations

n

§:c=c|c|m|c=chEE
i=1
n(n + 1)
i=1+24+3 _—
Z 2434 ... +n 5
L {n+4 1){2n + 1
Zi?=1?|29|3?|...|n?=”(”| J(2n 1)
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Tables of Integrals

Rules

]Cf(ﬂ")d&‘=r2]f(3‘)d3‘
[ 1@+ 9@ de = [ fa)de+ [ gla) da
[ 1@) - g@)dz = [ f(z)dz~ [ g(z)da

fudv =uu—]vdu

Powers
/drzr—l—c
[ﬁldﬂ:=ﬂ:}! FC

1
. fIﬂdQI=n—H$ﬂ+l|C lfﬂ.ﬁé—l

1
fx—“dx= g if n #£1

—n+1

1
[—ﬂzMMIG

“ 1
/ dr = ~Inlaz +b[ +C  ifa#0

ar +b

Trigonometric Functions
Basic Trigonometric Functions
fsin:r,d:r = —cosx + C

[cos:?:d:r:=sin3: O

[ ]

ftana:da:=ln|sec3:| FC
[ ]



1 1
fsingjzda:= —r — —sin 2z 4+ C

7 1
. fcosgxda:zix | ESiﬂ?I O

ftanzmd:r:=tan(3:)—3: -C

Reciprocal Trigonometric Functions

1 1
fse:::.':da:=ln lsecx + tanz| + C' = In tan(ij.: | E'}T)' O

tan (%3‘)' O

fcsc:?:da:= —Infescx +cotx|+ C =In

]cotxd&: = In|sinz| + C

1
]seczk:r:d:r: = —tankx + '

k
1
]cscgkxdxz —Ecoth F O
) 1
]cotgkﬂzda:= —m—Ecotkm O

[secm tanr dr = secx + C

1
]cscﬂ krcotkrdr = ~Ta esc” axr + C
a

/secxcscxdx = In|tanz| + C

Inverse Trigonometric Functions

= arcsin(z) + C

1
—dx
. f\fl—j:g

1
]—dﬂ:zarcsin(:r:/a) FC if a0
. Va2 — x?
1

. ]1 | xgda:zarctan(:?:) FC




1 1
/—d:r: = —arctan(z/a) + C if a # 0

a’ 4 2 a
Exponential and Logarithmic Functions

]c dr =¢e" + C

fe”dm=—e“|c if a £ 0

) 1

fada‘——a LC ifa>0a41

Ina

jlnxdx—xlnx—x O

Inverse Trigonometric Functions
f&rcsin(:r:) dr = xarcsin(zx) + V1 — 22 + C
/arcms(a‘) dr = rarccos(z) — V1 —22+ C

1
fa,rct-a,n(i:) dr = x arctan(x) — 5 In(1+2%) + C

Tables of Derivatives

General Rules

df | dg
RIEEES
2 ef) =X
d d
e L

d(f)_sE—IE
dr \ g g’



Powers and Polynomials

d
. E(C)=D
d =1
. drr_
d no__ n—1
] d{:ir:j: —trm:l
. %VE:Q\E
d 1 B 1
e drx 12
d n n—1 n—2 2 n—1 n—
E(cn:r Fen12" o ax e xtey) = nepx” T H(n—1)e,



1
~ rln(a)

f“?)"=(e-‘?"'f);=f” (f’% | g’lnf), f>0

Y = (ef'""); = f'c! Inc

ifa>0,a#1

—

o

Inverse Trigonometric Functions

d . 1
—arcsin x =
° dj: "!.,u"]. —3:2
1
—Aarccos X = —
° ? "l.,e']. —3:2
1
] Earctan:{ =1 e
d 1
—arcsecy = ————
. dr lz[v/22 — 1
d -1
. Earccotx =1 e
d -1
— arcescyr = ————
. dx |z|v/z2 =1
Hyperbolic and Inverse Hyperbolic Functions
4 g hxr = h
f{f sinh r = coshx
%mshx = sinh
%tanhx — sech®zx
%sechm = —tanhaxsechzx
— cothay = —csch?z



d

% cschx = — cothla: csch

— sinh 'z =

dj: 2+ 1
-1

Ecosh_lj‘ = o

T tanh™ " x = 2

—sec r= ——

dax v/ 1 — 12

Ecoth T = -

d 1

—csch™lz =

Table of Trigonometry

sin &
tan(x) =

. c?s:r:
. se::(:r:)= COS T

t( )_ cosx 1
. ConT) = sinx tanz

(2) = —
. ST ang

Pythagorean Identities

. sin’z Izcosgm = %
1 4 tan™(x) = sec” x
1+ cot’(z) = esc®x

Double Angle Identities
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Product-to-sum identities
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